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T 31 3TdhetsT

(Limits and Derivatives)

*® With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD *%*

12.1 ‘ﬁ'&lﬂﬂ (Introduction)

Tg A He Hi Tk GfHHT T Ferd 06 w1 98 e
& e gera: wia o fegefi o aRad @ %o o 99 o e
Il AR 1 e fha S 21 Yeel §9 STahers
(Irafaes &9 9 qisfg foee fom) j\:I%?Iﬁ“il\?TTﬂ\T‘H(In‘ruitive
idea) YA 1 AT TH HIHT 1 TE AR 7 AR Frr
o SISO oh1 S LT R TR 9IS §H STaehars i
TR HTH ok FoA SO S SR Teehetst o ST <
FS TFIT HUN| FH FS (a8 AME Forl o STahas o
T |
12.2 3raehetSli ol WESTYd are
(Intuitive Idea of Derivatives)
iferer FET A erHifea T @ o fie ww wEi/es weer 9 iRt ¢ Gehel § 4.92
HieX 30 77 Fxa1 € ol fie g HieX ® 99 &1 T gl (s5) Yol H AW T T (p)
o Tk Bo o 9 W s=4.92F & T R

G RO 12.1 H Uk @Sl 92q ¥ iR e uw fie o Sehel | fafa=
T (1) WHR T 99 H gl (s) W 2

T Sfishgl © THT =2 Wohg R g 1 o A1 wEA €1 3299 €1 3@ qHE
TEoH & fAU 1 =2 Wehe W TANG B oo fafae Traiauel ™ med 97 Ad wE Th
T ® SR YN H € TR W /=2 Wohg W AN ok SR H D YR TS

Sir Issac Newton
(1642-1727 A.D.)
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=1, 3 (=1, o= WA P =1 3R =1, Thel RO 12.1
o ofte T TS gl R (1,-¢,) W W R T Bl ; 5
21 3T U 2 SFel § HiET o 0 0
1 4.9
_ =03 = 2% R T 15 11.025
FEATTTA (1, 1) 1.8 15.876
~ 1.9 17.689
= M:%ﬁr/@r 1.95 18.63225
(2-0) 2 19.6
T GRR, =13 =27 &= HqLF o 2.05 20.59225
196 4.9\ 2.1 21.609
- %:14.714?/@ 2.2 23.716
(2-1) 25 30.625
T4 R fafae o fefus =1 3R 1=2 = & 2 44.1
e a7 1 Gieher i 8| FEfeiad Srol 12.2, 4 78.4
=t TS IR (=2 Fohel & T HieX I Hohe
T e 3 (v) @ e
AR 12.2
t 0 1 15 1.8 1.9 1.95 1.99

1

12 9.8 14.7 17.15 | 18.62 19.11 19.355 19.551

TH GO U TH Sdelihd i @ foh Wied an efii-R wg w1 g1 SE-s =2
W HAT BN A G STEe S ST © B9 SEd © TR (=2 W &H a7 % TH
g 3o Al T U B | TR T © Toh 1.99 Wehg 3R 2 Uehs o o™ o AT
T A e @l &n e feprerd € TR 1= 2 Webe W wieA 9 19.55 W@ 9 g sty
% 2

79 Tt i Frefafaa sl & w9 fofad oo e 21r=2 9os
¥ YR I gU fafaer TraiaRretl W 1A 3 1 Uiehe Hifere) gd i wifd 1 =2 Hehg
SR (=1, Wohe o o= WA A (v)

2¥FTER e daw A gl

f,-2
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_ L H T R g - 2WheH T A
t, -2

_ LS T H g - 19.6
t, -2

frfafeaa o 12.3, 1 =2 Fohel 3iR 1, Gohe o i Tiex Ufd Tehe § A A
Vﬁ%:

H|RUMT12.3
¢ 4 3 2.5 22 2.1 2.05 2.01

2

12 294 | 245 | 22.05| 20.58 | 20.09| 19.845 | 19.649

TEl : B &AM 3d € o A% eH =2, § URH hid gY TR HHAel| i ofd
S B @ BH ¢=2 W AT 1 3Afueh 3Tesl |y e 2l

STfeherl o 9UH F=ad | 81 =2 R 9 8 Tl 9¢d IHA=Ral § "I
A A foran B SR 99 omen 1 ® fR r=29 fwfad g w9 wenfea s A =
STfehel oF Tt F=ad | =2 W 31d B a1e =ed FHAlade | 7ed a7 1 fohan
2 3R a9 omen 1 ® fF 1=2 & fofaa o8 %z sy e 7 w2 fags w9 9
et SR T WeA S o A JH 3T Th FHM W W T =1fee g9 fHfvea
w9 ¥ frerd frehrerd € 76 r=2 R fig &1 97 19.551 9@ 3R 19.649 H/A & =
21 TR ®9 ¥ BH e Thd B
fof =2 W dwfas am 19551 A s249¢°
oA SR 19.649 WA, & T Bl feememme e /B
S fop el wRR 9§ R AT -
& IREdT w1 R T o FEA S
fromfea  foren, @ Frefafaa 2 % """"""" &
“fafay &or T g | aRem &l T ﬁ-?é :
1 A T 81 B hed @ TR

T B s =492 H =2 -0 c

et 19.551 3R 19.649 % = . Co R

o gl ) / 2 Z:i'tzzl-ktl ‘g‘qq_a:[,t
T O &1 gl & TE

foered fafa st 12.1 § <o SATFH 12.1
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B T8 oid WA (1) IR WM o R 9 fie &1 T (5) w1 e 71 SE-Sd
AR o STFT Ay, b, .., T GIH I HT SR SR S @ 99 & Wi ol ok
ST A T o€t T B § S

Cl]?’l C2B2 C3B3

AC,” AC, AC,
% TG S STTHA FI B T, S CB =5, -5, T8 T T S fie wHraa
h,=AC,® T %I €, T TP 12.1 9 = frehd frsper giafeea & &6 o I
1 A oIk o o5 A TR THIR@l o 1ol 1 AR S et 81 T sl H, 1=2
T W Y 1 dichifeln 97 9% s=4.92 % (=2 T W90 & @A o THH 2|

12.3 @U@ (Limits)

IRt foeer 30 qed 1 IR wyeeqan ffde @i @ T e @w & ufean @ik
Afursh T &9 ¥ GHZH 1 STEvThdl €1 B0 Gl S Heheudr ¥ IRifed g9 & fog
@'T)’%‘Q‘Iﬁ)l (illustrations) <1 SR W 2
F fx) = @R fTER FSW s FINT F S9-S" x I h
afferen fehe WM <4 €, flx) 1 9 9 0 1 AR STIER il Sl 21 ([ SAehid 2.10
seAT 2) T wed g lim f(x)=0
(8 () o A €, S x Y H1 AR SE Sl B, TG W1 §) f(x) Bl H,
S x [ T SR SR T T, 1 W FHSA ST S x = 0 R f(x) FT HH B AT
AH &9 WS4 x> a, [(x) > [, T [ G f(x) BT GHT F8T 6@ 2 AR

T T8 YR foran s @ lim S (x) =/,

T g(x) = x|, x =0 W foER HifSw v G ff g(0) TRenfia =t 21 x
0 o 3ffueh f7ehe |HT o ToTT g(x) oF W o1 Ufishel i o folg &d <@d € o

g(x)amnﬁow“raﬁxwm%wm )lcii%g(x)=0.x 20 fau y=|x &
ACE ¥ 98 TEoidl ¥ T TN ¢ (S B 2.13 1A 2)

2
frfafad wem = far Fif: h(x)=> _24,x¢2.
o

x % 2 o TS Hehe A (feha 2 7&T) o fau h(x) oF AF @1 9w
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FHI| AT Tl @R HAEC fF gt 7m
4 o fare 31 ==l (3Tl 12.2) H fRU e
y=h(x) o 3Ter@ W foaR *E 9 9! fhfea (0,4)
T fHerr 21

3 |t geral § T QU A x =0 W Hed
% S HE T80 L 7 =T 9 aad H 36 W (0,2)
AeiE el € foh x b ¢ 1 SR SIS Bl 2
&M ST fof x & &N o F R SR TH /
o o = 9 SR W < AR R, S aF g
frpe @i oA A A oW HH B R S A g W 20 O 2,0)

ek 81 TR &1 399 @i ®9 9 < g \;',
- 9T¢ gey K1 G 3R S ey ki HE 9iE Bt
21 e £ ok ¢ &1 i T f{x) 1 9€ TH © TOAM

S f(x) oF AH W SR Bl 8 W6 x, o o SIS AR STEL a1 21 TH! YehR ST el i
o1l 3Heh gwid o folu, e W faer sifse

Y
I, x<0 N
S (X)={2’ " y=£x)

0,2)

3Mepfa 12.3 § 59 o w1 Sei@ <091 T ® qE
T TfH oW fHMAF x<0k T f(x) w4 9 —2(0,1)
W AR T ® SR 1 o wEE ® e 9 W f(x)

X' € >X
and w1 Hm mS(0=12) gt yer 0 W £ w1 A v
x> 0 % fau f(x) & Am W Al w7, 2 @ etufq o Y
& <t wa i im0 =2 3 5w feufe 7 and s 3R 12.3

¢ & ki TN f=-fo= ¥ SR o7 39 %% Whd © R 99 x Y T SR SR
B € 9 £(x) 1 G S 21 (Wl € e 0 W aRefid 21)

qrTIT
& %ed ® T xlirfll, Ax), x=a W f(x) @1 e (expected) WH B, f5&4 x &

¢ SR e wHl & faT f(x) 1 7 KT €1 39 9F H @ W f(x) B o€ qg
I HE T wEd 2
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T Fed € i lim f(2), x=a R f(x) 91 oriferd 71 & 69 x % o % T
3R o faehe aHl o foT f(x) & A KU €1 30 91 Al g W £(x) 1 T 987 I
G wed 2

7fg g SR ¢ uey 1 Had G 8 9 89 36 S9ARTS WH &l x=a W fx)
F! €A Fed € iR W 1M ) ¥ fefm w €

I ¢ IR a1 e HY HA T T Bl a7 FEl S € R x=a W fx)
1 A AR T

Feid 1 (Mlustration 1) ®e™ fx)=x+ 10 R fa=ar INT| 89 x =5 W ®eH &I €
A AT AR STEY, T 5 oF 3TAd e x o AHI oh faT £ o A 1 IRehe &l
5 o 3fera Tiepe o1 3R & T4 4.9, 4.95, 4.994, 4.995... 3fE €1 2 faigaeti W fx)
& M 9 groftag &1 36 YRR, 5 o tedd e SR <1 iR ardfas @t 5.001,
5.01, 5.1 ot &1 27 fagefl W off wer o 99 "Rof 12.4 § K €

| 12.4
x 49 | 495 | 499 | 4.995 5.001 5.01 5.1
fix)| 149| 1495| 1499 | 14995 | 15.001| 15.01 15.1

areft 12.4 9 &9 fifa & © R fx) &1 9 14.995 9 w21 3R 15.001 9 Bie
2, 98 e w1 gU TR x =4.995 AR 5.001 o ot o SHIT el sfed 7 8l
g U HTA GG B o 5 o o 3T w1 HEemet & for x = 5 W f(x) 1AM

15 € 31q lim f(x)=15
THl YRR, W x, 5 °oh € AN SE BT €, /1 A 15 Bl =fey sreiq
lim /(x)=15

37d: I G B o £ o a1d get 1 Hien oI <) uet w6t HiAn, S 15 oF SR
g1 W TR

lim /(x)= lim /(x)=lim f (x) =15

x—5"

AT 15 F 9UeR BH oF R H I8 (TRY Ho o STerd S 3Tehid 2.9(ii) STeM 2
¥ e 7, 1 @t fRfad 9 a1 21 39 ofefa o W oW | ? fR S-S« S
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o A1 Al TR AR A AE 3R ST &I, e f(x) =x+ 10 1 37e@ &g (5, 15) i
N ST BiaT Sl 81 89 S@d © T x=5 W o W & A 15 o S
Bl 2

TR 2 T flx) = x° T =R FISUI ST FH x = 1 W 36 Fod &1 HH J0 HH
1 JA | et fefd i TE 9d §U 89 xoh 1 o e HHI oh faT fx) o AM
%1 GRUTSG Y 21 TH WRON 12.5 § @ e ®:

H|ROT 12.5

X 0.9 0.99 0.999 1.001 1.01 1.1

Sx) | 0729 0.970299 | 0.997002999 | 1.003003001 [ 1.030301 | 1.331

39 OROT © eH A d ® TR x=1 W £ %1 7 0.997002999 ¥ Sifies SR
1.003003001 ¥ 7 &, 98 ot H L foh x = 0.999 3R 1.001. o = Fo
YT T Hfed 7 81| 98 | GeheTd @ foh x=1 1 /M | o aTg 3R 1 Gemsii
W AR Far 7 ereriq

lim f(x)=1

x—1

T YHN, 9 x, 1 o SE AR SE B, A £ H HAA | BT AET i
lim f(x)=1

x—1*

31d:, I8 Hared © for o uer w1 e oK S us sk HiE §F 1 S Ser Bl
T THR

lim /(x)= lim /() =l () =1
AT 1 ok SIeR B 61 I8 FTht %o o 3Ter@ St STehfa 2.11, 31ea/™ 2 | fan
2, 1 @ ohfea o1 a1 81 59 ehfa W oW oA < © foh S-S x, 1 ok AW Al
TE AR A AE AR W B, el f{x) = x> Ae@ fag (1, 1) HT AR SR gl
Sl 2
B0 A: SEclihd Hid € o x=1 T % &1 71 W 1 o ST B

TR 3 HAT flx) = 3x W =R FINU BY, x =2 R 36 Hod Hi A JG HH 61
e 1| Frefeafea arelt 12.6 @a: s s 2
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H|RUMT12.6
x 1.9 1.95 199 1999 2.001| 2.01 2.1
fix) 5.7 5.85 597 5997  6.003] 6.03 6.3

Tefad BH STacihd i € b x a1 d &g A S 2wy SR SR B ¥, f(x)
T HE 6 i A SWEL BT 37 Foid Bl ©1 g9 39, 39 YR AfifEd Y gehd

g fw Y
£ (0)= (01l )= 0o
3Tl 12.4 H YRRIA SHehT M@ $9 T2 1
ERRCIR
7 T: T 2 W E o x =2 W e Hw A i
x =2 ¥ F T B o/ @0

FERIA 4 3T B flx) =3 W fa=ar ST 13T &4
x =2 R TEHT A G HH HT FAE L T8 B
TR e BH % RO T Uk & 9F (39 fefq Y
H 3) 9 FT & 2efiq 2 ok Fdd Fewe feigeti & ST 12.4
T s9eT H4H 3?1 3:
lim f(x) = lim f (x) =lim £ (x) =3
flx) =3 o1 3@ BB | (0, 3) ® M ol x-3781 o FHiR W@l ¢ 3R
aMrepfal 2.9, 3teard 2 W <wifan T €1 39 e ot T € foh ereiie Wiwn 3 © qema: W

Tl ¥ SEclfnd e € fF R awafos g o fag lim f(x) =3

Tl 5 Hed flx) =22 + x W fo=r wifGw &= }jg}f(x)sﬂ'd FT TR El e
x=1% e fix) & aF grelt 12.7 % grofiag 3 €

RO 12.7
X 0.9 0.99 0.999 1.01 1.1 1.2
£(x) 1.71 | 1.9701 | 1.997001 | 2.0301 231 2.64
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399 I qehdTd g g © R /Y\
)}E{!f(x)=)}g{1f(x)=}j§}f(x)=2. 4
MR 12.5 | JWW fix) =x>+x o 3
aerg ¥ TIE T © R S-S x, | A
3R SHEE Bial 8, emer@ (1, 2) &1 3R :
ST BIA STl €1 1/
aa:%qlg'rr:ﬁ&mmﬁ%ﬁﬁ XX
lim /(0 =/ () M
aa,ﬁtr%rf@a?ﬁ-—raw‘fﬁam TR 12,5
=T F WHR HAY
1irr11x2=1, 1irr11x=13$|T1irr11x+1=2
i limx? + 1imx=1+1=2=1im[x2+x:|_
x—l1 x—l1 x—l
el limx. lim(x+1)=12=2=lim[x(x+1) ] =lim « +x .

T 6 HeM f(x) = sin x W faR HIfw) gart lim sin x § wfa ¢ ST w00 feom §
x—>5

ww%laﬁ,ﬁﬁgéﬁmﬂxﬁ?qﬁ(ﬁw)aﬁmm%
|ROM 12.8

x T 01| Zooo01 | Evo01| Zrou
2 2 2 2

f(x) 0.9950 0.9999 0.9999 0.9950

lim f(x) = lim f(x) = lirrrlc f(x) =1

T
xX—= x—= X—>

99 70 T o g © TR

THeh AfAfeR, T@ f(x) = sinx % Ao@ ¥ T2 Bl § S AR 3.8 A 3
Hfem gl o feufa § i sv 3@ 2 lim sinx =1,

x>
2
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T TR fx) =+ cos.x R R FATU T lim /(x) T B < &

Tl T 0 o e flx) o aF (Freheaq) arofteg feT & (Frof 12.9).
|ROT 12.9

x —0.1 [ —001 | —0.001 0.001 0.01 0.1

f(x) 0.9850 | 0.98995 | 0.9989995 [ 1.0009995 | 1.00995 1.0950

ot 12.9, 9 &9 e o gehd € TR
lim /(x) = lim f (x)=lim £ (x)=1
w feofa & off 70 gam wW@ ¥ R lim/ (o) =/(0) = 1.

376, 1 39 W ! WHR & 9 ¢ 16

1im[x+cosx]=limx+lin(1)cosx—cn-g|a 4 g 29
-

x—0 x—0 X

T 8 x>0 F U, T f(x)=x—121ﬂ R FR wW lim () T FE
e &

71, B SFaclieh i € foh e o1 Uid Gl oTens artas e €1 er:
6 B9 f(x) % WH GRONEG Y €, x Y o o1 AR SIS Bl €, 1 e o1l e
21 7= 81 0 o e x o YA W oh fTT el o HHT oh] HRUfeg id © (3
oot §  fRE oF uifes @ fefyd s 2

F= & T GOl 12,10 ®, B9 <@d € TR S x, 0 %1 AR AU B4 7, fx) €I
3R =gl eiar Sl €1 78l gheht 1 B fom, f(x) 1 9 e & gen 9 o ser fhen
ST ekl 2l

RO 12.10
x 1 0.1 0.01 10
fix) 1 100 10000 102

T w9 G, 7w wwd ¢ lim f(x) =+
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&q feonfl oft #xd € & 50 wgasd W B9 3@ R w1 e a1 ==t T@l s
gwiaowm im f(x), s Fe = €, s

x+2, x>0

Tl I HE B 0 o e x o fIT f{x) 1 WROT a9 €1 UeTOl hid € foh x
R HHI o Tt 89 x — 2 1 A TehTon &1 STevaehdl © 3R x o SFeHe qH
% U x + 2 1 41 Frrrem 1 TEvaehar 2idt 2

H|IOT 12.11
x -0.1 —0.01 —0.001 0.001 0.01 0.1
£(x) 2.1 ~-2.01 —2.001 2.001 2.01 2.1

ROt 12.11 1 92 o gfefted 9, g0 e o3 € T B &1 76 -2 9%
E @I ® AR

1ir{){f(x)=—2
gt k1 eifam = gfafes 9, g9 fma w@ © R

T 1 M 2 d% 9% @ © SN 374: Y
lim f(x)=2 . 2)}/
T HEd B o6 0 W Her i G e[ B o
TH el Wl 3o ST 12.6 W fean @ @, 'm 0,-2)
fouoft 3 € fF x =0 W %o *1 79 ola: qftfia €
R, ard H, 0 % SR 2, WG x =0 W %o &1 dl Y’
Refea ot 72 2 MR 12.6
Tl 10 T 3ffaq geid o &9 §, g9 }jg}f(x),aﬁmﬁ%’aarﬁs
x+2 x=#1
f(x)={ 0 x=1
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H|ROT 12.12
X 0.9 0.99 0.999 1.001 1.01 [1.1
f(x) 29 2.99 2.999 3.001 3.01 (3.1

TEd 1 e, | o ke x o fAw ed fx) & 9 I GRviieg W@ 21 Y F
x % T Ax)® Wl 9, 7@ yeita el @ 5 x = 1 W e %1 9 3 8 ey sveifq

lin}f(x)=3
TH UHR, 1| 98 x o fAU flx) S T 9 ARMIE fx) HT TH 3 A A,
s x)=3. 0.3 1

TG T AT AR 30 e Y WA ot € o

Td: 0,2

lim f(x)= lim f(x) =lim f/(x) =3
MM 12.7 § Hod &1 ofier@ Hm o aR § X
TR A D F q@ 81 TR, 7 e R § fE

e &Y 9, T K 95 W e 1 7 37K 38! Y’
e fg=-f9=1 81 Ishd © (9 &) <A1 aRenfea i) AMMeRfea 12.7

12.3.1 @WHaren’ &1 SterTuTa (Algebra of limits) ITFF TRIAI W, TH STAHT HL
I & fF dm ufsean =, Sreed, O SR 9N % U Sd @ S 9 6
foameia o iR Hmand guRkenfod &1 e T =21 @1 arad o, gq 5! form suufa
o WO % &Y ¥ =i w9 4§
uﬁmm?ﬁmﬁﬁfaﬁwgaﬁwﬁéé’%)lciix:f(x)aﬁw}ciigg(x)aﬁ‘f Calic i
HIE!

() @ e % i 7 e e e w1 A A, s

lim [fx) + g (9] = lim fix) + lim g(x),

N

o @0
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(ii) < Hor o AT h HH Wl i HHSA w1 AR Bl 8, e
lim [fv) ~ g(9)] = lim fv)— lim ().

(i) = el o UM K1 HH Her w1 HHSA H1 [UH gl €, sefq
lim [f(x) . g()] = lim fix). lim g(x)

(iv) & Wl o AR 1 HH Herl B S w1 e g €, (et 8 IR
BT 7)), 3

f(x) limf(x)

_ X—>a

lim =
wag(x)  limg(x)

femoft fagm w9 @ el (i) 1 T fafme fefq § S g(x) T U@ 3R Her @
fo fordht aredfas G& 4 o foT g(x) = 4 &9 W &

lim[ (A.f) (x) ]| =Adim £ (x)
3T X TRl §, B9 TId 3 foh 59 R Wi fafere YRR o6 werl i Hmed
o WH U I W ehd WA TR S R

12.3.2 5@0&?’ 3T TRAT werl @t '\‘#qm:" ( Limits of polynomials and rational
functions) n ¥d 1 Tk e fx) TgURT THerd hgaldl 2, A fix)=a,+ax+ax’
+. . tax, & s UH oo g € fw R wehd W@ o % AT g # 0

T WA ® T limx =g, om:

xX—a
limx? = lim(x.x) =limx.limx=a.a=a*

X—>a X—a X—>a X—a
n TR SANTHA T T AYH THE] Fardl ¢ T
limx" =a"
X—>a

d, " dlfSe f(x)=a0+a1x+a2x2+...+anx” TF GgUT HoAd R
ao,alx,azx2 ..... anx"mﬁwwéwﬁwﬁgq,%ﬂqﬁ%’ﬁﬁ

lim f(x)= lim[ao +ayx +a,x’ +...+anx"]
x—a x—>a
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— lima, + lima,x + lima,x* +...+ lima,x"
xX—a xX—a xX—a xX—a

= a, +a limx+a, limx* +...+ a, limx"
xX—a xX—a Xx—a

— 2 n
a + a,a + a,a +...+ a,a

= f(a)
(gffrea o fop oo Swde o welss =X w1 it wm forn €1)

()

g o
@Wf@trﬁﬁawqm%aﬁﬂka,w 2(x) AN h(x) @
qgTE € 5 h(x) £ 0.

. g(x)_lme(x) g(a)
ylclng(x):;lcl—rg i(x) - lim/( x) B (}gl(a)

Tafy, afk h(a) =0, 3 feafm@i € — (1) & g(a) £ 0 3R (i) & g(a) = 0.9
frafq o &0 wed ® T o o1 i @1 21 9 %) ffa § &9

g(x)=(x—a)"g1(x),5|%5f k g(x) ¥ (x —q) Ht TEAH =@ Bl g yR

h(x) = (x — a) 'h, (x) FA(F h (a)=0. 3@, A k> F9 90 B

limg(x) lim(x — a)k o8 (x)

170 = () (e~ 1 (x)
. (kD)
11_1>1}1(x a)” " g (x) _ 0.g;(a) ~0
11_1)1:@()6) h(a)

Aqfe k< [ @ e gt T8 2

SETETOT | i I i
) }Cig}[ﬁ 2+ 1] (i) )lciir;[x(val)]

. 2 10
(iii) XILIE[IJFXJFX +...+X ]
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zol orfee gl HiaTd s Tgu< el i WM 71 37 Hiemd gea faget W ke
o A §1 79 U §

@ M- w+1]=1-12+1=1

lim[ x(x+1)]=3(3+1)=3(4) =12

(if)

(i) lim [1+x+x2 +...+x1°] =1+ (1) + (=12 + .+ (=)0

x—>—1

=l-1+1+...+1=1.

SETET0T 2 HH F HITS:
. lim_ x*+1 . hm_x3—4x2+4x
W51 x+100 L
. lim _i . lim_ﬂ
(i) % _x3 —4x” +4x @) x—>2_x2 —5x+6
o [t }
) o x?—x  x° =3x7+2x ]

o @l foamefia wer afdg e €)1 9m:, B9 Ted ed fagel W 3 werl o AM

Wmﬁ%laﬁ%%,éﬁmm%,mm,aﬁ@méﬁ %wm%ﬁaﬂ‘oﬁr{m
2, &l T T gU Worl i A forad €

2 2
. x +1 17 +1 2
) ¥9 UM @ lim - - =
@ >l x+100 14100 101

(i) 2 T He 1 HHE YW HE W EH 79 %wmﬁ’mﬁ%l 1

. X —4xt+4x 3‘(35_2)2 x(x-2) .
- T lim——— 1 FHifw
T ea R (e2)(x-2) o (x+2) x #2
_2(2-2)_o_,
242 4
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(i) 2 W oM 1 WHE YW HH W, TH W %éﬁmﬁ’mﬁ%’,aﬁ:

lim(x+2)(x—22)
=2 ¥ —4x? +4x 7 x(x-2)
(x+2) 242

lim = _4
T oe2x(x-2) 2(2-2) 0

Sifer aftefod =& 21
(iv) 2 T e 1 HE W % W, gH 24 %%mﬁ’mﬁ%l 1

2 _—
lim X' —2x" lim — (x=2)

x—>2x2—5x+6 x—2 (x——2)(x—3)

2 2
_ lim—r = (2) LA

=2 (x=3)  2-3 -1
(v) U8 BH el whi GRET %o S A foed 2

x—2 1 x-2 1
{xz—x_x3—3x2+2x}: x(x—l) x(x2—3x+2)

a2 I }
h x(x—l) x(x—l)(x—2)

_x2—4x+4—1:|

h _x(x—l)(x—2)

X2 —4x+3

- x(x—l)(x—2)
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0 .
1 W % 1 A1 I i | EH ash‘rwmﬁ% 37

o xr=2 1 . x2—4x+3
lim -

—lm-—
=l x% —x x =3x7+2x _xlg}x(x—l)(x—2)

T oix(x-2) T 1(1-2) =%
&0 feoqult #ed @ fop Swert W W e W A U (x— 1) i T fomen smifeR o1

T Hequl W1 61 |1 U 1, S foh o1 kol § yged e, i uew yea
% B9 H T 2
v 2 feet o quie n o faw,

n n
X —da n—1
=na

lim
¥4 X—a
femolt Suds wia o 9w g <A T © Wl p hE UREE gem € eI
a ¥ B
Wﬁ(x”—a")aﬁ(x—a),@ﬂmﬁm,gqa@ﬁ%ﬁﬁ
X'—a"=(x—a) (x'+x2a+x3a+ . +xa?+ta)

.ox" - .
ELICEA lim =lim (x""' +x?a+x3 @+ .+ xa?+ah)
x—>a X—dad x—a

=a" '+aa?+. .. +a?(a) ta"!
=g + g . 4a T+ @ (n TR)

-1
= na"

3alg{UT 3 °HHE A d hifSTa
-1 V+x-1

() I (if) lim ——
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o OB -10 0 O -1C
= limG——FlimG——r¢C
x—»lljx—l |:| x—»lljx—l |:

= 15(1)"*+10(1)y W I ¥)
=1 ;10-3
= 15= _2

() y=1+x 58 y o 15" o @@

TS N
lim = lim +Y~——
x=0 X y-1 y—1
w1

2 12

\ It~

y-1 y—1

1 1
= %(1)2 (g feorft 7) = -

12.4 Trerotiudis wemt @t 'H"]'HTQ (Limits of Trigonometric Functions)

% €9 W, Bodl o ) | Fefafed a2 (F9E1 o &9 1 8 T0) FB s
o st st &1 ufehe W B gAY @l

Sk X

W3WWWWW@W y=g(x)
AqHIT He [ R g Ut € R ufro o 9iq |
gt x & foau f(x) < g(x) 7 ¢ & fow afg

lim g5y i im o(x) IAF =1 oifeqe & ! y=f(x)\X
7 7

lim ) < im o(x) 38 ompfa 12.8 % ot @ 0

LT R 3T 12.8
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wH 4 Yefaer wHT (Sandwich Theorem) UH #ifSQ fe AR arEdfere A Her
@ ¥ for e & wdfts widl o @ x
o U £ (x) < g( x) < h(x). Tordl arefaes

gE oo fag afs Im gy =

= lim ), @t lim o) = 1 39

xX—a

amepfa 12,99 fost o oy foran o B

rermifird w9 Hafua fefafad
eyl ol H TE R AR
Wﬁ’ﬁﬁ?ﬂ?ﬁ%:

TR 12.9

0<|x|<% ¥ fofw cosx< <1 (%)
X

SUUfT B9 WA © T sin (—x) = — sinx 3R cos( — x) = cos x. T 0<x<%€5fw{

srafteRt &l fog w6 & fau 78 19t 2 B
pfd 12.10, ¥ TH SHE g9 H ohx O €1 &I AOC, c

xmw%ﬁ?0<x<g | {@rEE BA 3 CD, OA & ead AN

&1 3uoh srfafed AC i foemn T 21 e
AOAC &1 &FFd < UGS QAC &% < AOAB &1 &A%

a]l'@"iﬁ 12.10
e %OA.CD < %.n.(OA)2 < %OA.AB ,
T

FAq CD<x.0A<AB. AOCDH

CD _.
sin x = a(ziﬁsoc:omsﬁx 3d: CD = OA sin x. 39 3Tfafta

AB
tanx=a3ﬁ'{ 3Ad: AB = OA tan x. 39 T

OA sin x < OA x < OA. tan x.
Fiifh TR OA ¥FHF ¢, 89 U ©

sin x < x < tan x.
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wﬁso<x<g,smxaﬂm%aﬁwsaumr{sinx,@wﬂﬁ T 2 W, B9 UM ®

X 1
— <
sinx cosx

gl &1 kT FH W, T U B

1<

cosx<5i%<1 Iqufd qui gE|
Ui 5 frefafed < Aeequl HE 2
G lim sin x . (i) liml—cosx _0
=0 x x—0 X
Suuf (i) (*) 9 SEHET (Inequality) o 3TTAR Hed sin x , e cos x 3 3TER e
x

foeRt @M 1 8 5T €, o o H e 2
oo afafed i im cosx= 1,30 @@ € f w9 % (i) F1 Swfa Hefa=
g @ gof ]

(i) 1 fag =W & fau, g0 Seprortafa gt 1—cosx=2sin{§j?ﬂm?ﬂﬁ

2sin’ [xj
. 1l—cosx . 2
lim = lim =

EC

"(5)
Sin E
- lim—.limsin[%j ~1.0=0

x—0

Wﬁﬁq%wﬁwmﬁwawwwm%ﬁﬁx%o,géoé

@W%\lsﬂaﬁy=§wwﬁmﬁmmwé|
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. sin4x . tanx
SEATETUT 4 0 A1 hiferg: (i) lim— (i) lim
x—=0S1n 2x x>0 X
. i sin4x lim sindx 2x )
im = . .
&l (1) x—=0 sin 2x x—0 4x sin2x

. | sin4x sin2x
= 2.lim +
x>0 4x 2x

. sin4x . sin2x
= 2. lim + lim
4x—0 4x 2x—0 2x

=2.1.1 =2 dx —> 0, 4x — 0 d2 2x — 0)

X . sinx . sinx . 1
= lim = lim .lim
x—>0 x COS X -0 x x—0 COS X

TR O § (ii) lim =1.1=1

tan
X

T g o, fogent dimet 1 1 Hehred 999 e | e it e dehd
2, frefafea 2:

xX—a

el Caksioe limggi;WaTwm%aﬁTﬁwmﬂﬁmﬂﬁﬁ%IW

T f(a) 3R g(a) T A 1 S AR 4 9 €, A w9 dEd € Al g 39 e
F Y I TR T S IS GATE B HI RO 2, e W AR wm
f) =1, () fix) Fora = 98 £, (a) = 0 3R £, (a) # 0 | 36 TR g(x) = g, (x)
gz(x),f?”l'@ﬁ%ﬁﬁ gl(a)=03ﬁ'{g2(a)¢0.f(x)3ﬁTg(x)ﬁﬁgﬂ'qﬁ'%'{[ﬂﬂ'@? (Afg
e 8) d e T 2§ &R
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gyATaet 12.1
Y9 1 9 22 d% frAfafea dmeti o 9= o S

. 22 .
1. limx+3 2. lim(x——J 3. limmr?
x—3 X 7 r—l
 4x+3 1045 1) -1
4. lim X 5. lim LXH 6. lim —(x+ )
x4 x—2 x—> -1 x—1 x—=0 X
. 3x*—x-10 . x* —81 . ax+b
7. 11m2— S. 11m2— 9. lim
-2 x" -4 =3 2x° —=5x-3 =0 cx+1

1

. 25—1 2
10, lim = 1. lm & pex0
=S lex“+bx+a
z0 -1
11 | |
12, fjm X2 13, lim 205 14, 1im 2% 4 b=0
o2 x+2 x>0 bx x—0 sin bx
. sin(m—x 2%—1
15. lim ( ) 16. lim COS X 17. limM
o n(n—x) =0 T—Xx x>0 cosx—1
18. limm 19, lim xsecx
x>0 bsinx =0
. sinax+bx
20. lim —————,a,b,a+b#0,
x>0 qx + sin bx
tan 2x
21. lim (cosec x—cotx) 99 _.m T
° x—0 ° ) X_E

2x+3,
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i f() *f( )_%xz—l x<l1
x pu—
24. lim f(x , 1 shifely, STl Ba?ol, x>l
. . Bﬂ, x#0
25, lim f(x) =1 7 e s, st/ (x) =0
Ho, x=0
. . Dx’ x#0
26. lim £ (x), 5 ifere, wef f(x) =0 x|
Ho, x=o0

27, lim f(x), 5 =ifs, el £ (x)=|x|-5
28. WFﬂ'ﬁrI"If(x)=E4, x=1

AR AR lim /()= /(1) T a b Hodl qH FA0 2

29. AF AN 4, a, .. . a 9T grEdfaw GEAT ¥ SR TH wad

1 2

f(¥)=(x-a) (x-a,)..(x-a,) ¥ aRwfia 21 )}13;11 £(x) = 22

foft a#a,a, .. a,% fau im £ () %1 ofeem wifm

%x|+l, x<0
30. =g /(x)=m, x=0
Hx|—l, x>0

T o foa ARl % faw im gy & erfaea 22

31. A wed Ax), }Cig}wzn,aﬁ T w4 €, d }j{r}f(X)w e

2
x" -1
YT Shifeld|
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32. T quiet m iR p % fag limf(x) sl limf (x) =i w1 s @, af

mx*+n, x<0
f(x)z nx+m, 0<x<1

3
nx’ +m, x>1

12.5 3TdehctSt (Derivatives)

T AN 12.2, % 3@ ok ¢ T fafay quaiael w fie = feafa 1 St 39
i T1d BT G ® T fug @ frafq aftafda e @ 21 @w= o fafay gqof T
f4fera greret (parameter) =T ST SIR 39 X 1 1A T 61 WG {1 Food gaw
e 81 @1 €, Td oAk & o1 fovg @1 ardferes S s e fefqdt el ©
o UE ufran wm@ifaa 0 &1 avasdd g 21 S Tk Sl o 1@-@
FHE ATel Afed o AL T9F o 3Tk &0 T I i e SIMeh I8 ST STavash
BT © o 21 e Dot o, fafay G9a 9 Wehe i S SR Tohe o-iehi
1 I Fu1d AT o Ufiehel w1 STEvdhdl el § fSHd SYUE i Tehe W WETU
sTaeTeh o1l fa<ita Geerl sl fodt foaeie W o odde qod ST 36 qedl |
fRed 1 el S avEs B 21 3 SR T e o frerfl o @ S
arefree g € foh woh et W e TRl yreret oF wriet afRterde foRe YeRR el 22 aRer
o Wid o YS9 f6g W Her i TS 59 o9 1 e 3e9 2

uftarrr 1w S £ O arkafass qM1T w8 SR s9T IRY & gid § U fag
a®l a W £ Feshers

limf(a+h2_f(a)
T Rt © a9 for g9 dmn w6 et @l o W f(x) 1 TS (o) W Fefd
g 2l

T T & f(a), ¢ W x & Guer aRed= 1 qREmT aaqmr 2l

JEEIOT5 x =2 T Fed  flx) = 3x Sl STehelsl A hIFT|

Tl B9 UM ® f'(2) = lim = lim

h—0 h h—0

f(2+n)-f(2) . 3(2+h)-3(2)
h

Reprint 2026-27



250 Tford

im 8370 i i3s3
h—0 h =0 h—o0

3d: x =2 T HAT 3x H] IHAS 3 2

SEEIUT6 x = —1 W B flx) = 2x2 + 3x — 5 1 el 90 *wiegl I8 «ff fag
HItST & £7(0) + 31" (-1)=0.
T BH U8 x =0 3R x=—1 W f{x) 1 Ffeshels A6 i 2| €H U € foh

_ imf(—1+h)—f(—1)

h—0 h
[2(=1+h) +3(=14h) =5 | = 2(-1) +3(-1) - 5]
= lim
h—0 h
= lim 2h2h_ =1im(2h-1)=2(0)-1=-1
- (o) - i =)
[2(0+h) +3(0+ ) =5] - 2(0)" +3(0)-5]
= lim
h—0 h
~1im 2 i (24.3) = 2(0) 4323

-0 h 70

T 1(0)+3/'(~1)=0
fewuit g fafd § wam GfS 5 e fog W stasdest &1 9@ W & § 9| A
F ok fafaer fem &1 guEst yam afmfea 21 fefafaa s e w5 2.
JEEIOT7  x =0 sin x T el @ SIS
Tel AM ST flx) =sinx. 9@
f(0+h)—f(0) :limsin(0+h)—sin(0) sinh:1

h

= lim
h—0 h =0 h

£(0)= lim
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SEAEIT8 x=0 3R x=3 W HeM f{x) =3 1 aehersl A i

Tol Hfh Aahelsl Hor § qRedd Sl H7IYdl ¢, TeSEy § I8 W ? fF =R Ter
1 T TS W eTashe I 81 =) 3, otk H, frefefiad afeher § ot firer 21
f(0+h)-f(0) . 3-3 0

lim ——=1lim—=0,
=0} =0 h

h
T YRR f'(3): limf(3+h)_f(3) . 3-3

h—0 h =0 h

7'(0)= lim

h—0

319 B9 TH o3 W wer &
ST TS hI SATHAT AT TR fa
Y B

HH ST y = fx) Tk T
2 3R 9 ST 39 wem &
siE W P = (q, o) . f@
Q=(a+h fla+ h) I TR
frhe foig #1 empfa 12.11 e
@ A ¢IgH W € T
a) = tim LI ()

5199 PQR, 9 78 T ® fF o7 31U et diw ew of @ ®, Fenedar @
tan (QPR) o SR ® S foh Sftam PQ &1 &1l B1 &A1 o &1 Wiewan |, St 4, 0
3R SR B 2, foig Q, P hl 3R STURR el @ 3R ¥9 UW € i

fim /@)= (@) QR
h—0 h Q-P PR

TE 39 q%4 o qod & fF S PQ, 9 y=f(x) o foig PR Taufl &1 SR ewE
Bt ?1 31a: f'(a)=tany .

T U e £ o foy B Yo feig W 3ferhels 1 Y Tehd B | 9 ok fag
W EhHAS 1 A € A 98 T T4 B i qRAd wid € S wer [
TS HEl Sl & SI=ieh ®9 § §H Tk el oh SThers] sl (Hefeliad ThR
Rt w

4
+h)

o|” a ath

JTTERTA 12.11
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uftamr 2 wE oS ff £ ek arafess A e @,
f(x+h)—f(x)
h

lim
h—0
T Rt o, Sl el @ w1 Ifae ], i x W £ HT STahers qRerfa fame
S 3R f(x) W Frefua feman STan 1 staehers 1 59 TR S 3TeeheTsT el WeH

fagia «ff e s 2

T TN 1) = fim L) =/ ()

h—0 h

TIA: £ (x) HT TRA 61 Uid 9L @ SRl wel Sudad G 1 St 1 T

T o AR o fafa Hohad 1 wi-we £(x) %(f(x)) 4 frefia e

w%aﬁ;’yﬁ(x),ahg%@ﬁﬁaﬁwmwélsﬁymﬂx)$Hﬁ&?W
& ®9 ¥ Seaifd e s © 39 D (F(x) ) d ot Frefua fepan sman 21

a _(df
aqTE‘a Zn(dx) T o

Tk TR x = ¢ W foh 3Taharst &l %f(X)

fefia fepan T 21

FETETOT 9 f{x) = 10 x 1 Tk 1A IS

f(x+h)—f(x) _ limlO(x+h)—10(x)
h h

h—0

T B U € /@ = lim

= 1im ! _ tim (10)=10

>0 f b0

FETETOT 10 fix) = x* 1 3Tehelsl T HiST

TR () = }}n%f(”h]z_f(x)

2 2
- 1imw = lim (h+2x)=2x

h—0 h h—0
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SETET0T 11 Uoh 3TeR aidfash @& ¢ o U, 3R WeM flx) = a 1 TS
1 it

e T U ¥ f(x)=}1ir%f(x+hz_f(x)

. a
= lim

_“=1im%=o FHRF f 20

1
WlZﬂx)=;W3WH3ﬁaﬁml

T EHURE S0 = }1irr(1)f(X+h}2_f(x)

1 1

lim (x+h) x
h—0 h

- ma bl

lim | " lim — 1
= o0 h x(x+h) = h0 x(x+h) - _?

12.5.1 ®eTAl o 3aahetsT okl STSHTioTd (Algebra of derivative of functions) 3%
sTaherst &1 aunel e § W freew & @Y w9 o wfmfed 7, 79 sawes &
ol o Tehedn @ e o 1ol o STTHA T TR Hd 1 BH Sh! eterEd goa
¥ 1 €
TR 5 HA AN £ SR g% UW Wod @ fh STk SwWafTe Wid W SHeh staehe
ufenfod &, 7

() < T % A HT SFahHAS I Bl o SFahes Bl AT B

LA () ()] = 0+ g0
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(i) < el oh A HT RS 7 FeHl oh Ehelsi 1 AT B

d d d
L ()=g(x)]=—r()-—-gx)
(i) < Herl o T[UM 1 SFFwerS HTArEd o 9 (product rule) & T
RIEl %:
L) - ()] 7080+ 700
(iv) T el oh ANTHA hl STFheTS ErEad IR 98 (quotient rule)

T fgan T € (SRl wE W IEW T)

J ( f(X)J W80 f e
dx (g)’

T SUUfd HiH1st 1 9o ®9 YU W SAEvIhd T W SO0 FHdl & eH 3%
el fag & w4 dmet %) feafa #1 we ae g9 e € o fasiv yeR & worl
o RS i Tehierd fhT S &1 TH o 31fam &1 el &l Fefafad &1 9 :
el W1 Gehal & TEH Soh TR0 & | e @ FerEd e 2l

EIERGiIE I u=f(x)3ﬁ'{v=g(x)ﬁﬁl

g(x)

(uv)':u’v+uv'
I8 el oF UM o STeshad o T Leibnitz Fom A1 oM o4 IocifEa g
21 3 YR, WrThe e @

' ’ ’
u uv—uyv
| = 5
1% v

3, U BH FS AHE HeHl o Faharl hi ofl T8 3@ W ¢ T wer
f(x)=x 1 RS =R HoH | 2| TE 7 Hlfeh

f(x+h)—f(x) _ limx+h—x
h

h—0 h

f' ()= lim

— liml1=1
h—0
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T U1 3R SYGE WHA 1 FAN fix) = 10x=x +x + ... + x (10 T%)
(SWH YO o (i) W) o STEhes o Yk o i ©

T _ L (rrvx) (0 )

—ix+ +ix 10 9%
dx T dx ( )

= 1+..+1 (10 9%) = 10.

T & < ® o 39 W1 o1 HH O G5 ok WA o off Wi feRer S wehd €
%qmﬁ%,ﬂx)=10x=uv,aﬁ'umﬁ%ﬁumwmIOWWW
%ﬁ?v(x)=x.qﬁ'€qaﬂﬁgﬁuWWO%W%W%@V(x)=x?ﬂ
Herhers | oF Se €1 39 YR UM T 9, 89 UM ©

f'(x) = (10x)' =(uv)' =u'v+u'=0x+10.1=10

Tl SMUR W fix) = x2 o 3feehelst sl WM Wiw fepea ST Gehel 21 8H U B
f(x)=x2=x.x3ﬁ1 3d:

df d

d d
P & (ra) =) x 2 (2)

= lx+x1=2x

ferer =9 &Y © 8 fEfeiEd 999 I 8
i 6 TR om quieh 4 o fAT flx) = x0T SRS xR

SUUTH 3Tahers] Held 1 IRE 9, 89 U@ 7

SC_N f(x+h)—f(x)_‘ (x+h) —x"
f(x)—hm =lim p .

h—0 h h—0
fme W FEm & R (v hy = ("Co)x" +("C )" R4+ (C, ) A" iR
(x +hy —x"=h(nx""'+.. + h" ) TH TR

df(x) _ fim (x+h)" —x" _ h(nx'H +....+h”’l)

dx h—0 h h—0 h

— lim (X" + .+ A7) =
h—0 ?

Reprint 2026-27



256 Tford

forercaa: &1 STh! 1 W A 3R oH g ¥ oft 7 R fog w1 g €
n=1 o foIq 98 "o & w1 o veet fe@mn st g €

d, , d e
) = ()

%(x).(x"l)+x.i(x"1) (T'H 93 ¥)

dx

=1x"" +x.((n—1)x”72) (3T aRehea T )

= x4 (n - 1)x”71 =nx""!

femult ST 999 x, %1 qeft =6l o forw ger @ erufq p i oft anafas "en @
T 81 (AR &1 5w Tl fag T w)
12.5.2 agqa? 3 BraRuTfidta wert & afaanerst (Derivative of polynomials and

trigonometric functions) A ARG T9HT | IR HUT SN FHRI IgILA Herdl oh
IR TAAT T

T 7 HA ST f{x) = anx"+an71x"71+....+a1x+a0 T a9guard Hed 2 el as
Tt arEafas W@t € 3R o 2 0 9 STehelsl oM 39 YRR i S @t

A

na,x
dx

TH YOI 1 IR TG 5 3R YA 6 o 9T (i) I A G @ W WIE 1S
TRt 2l
JEEIOT 13 6x10 — x5 + x o 3Tharsl ] qRehe HiTsT|
g0 SUYE WHA &1 Wil YA Saarl @ % Suddd woer w1 srashors
600x" —55x% 11 &I

x—=2
+(n—1)an,1x +...+ 2a2x+al

SEEOTI4 x=1 W fix)=1+x+x2+x3+.. +x° F Adhelsl Jd HitaQ|

T SUYH UHA 6 1 Wl SIA Sdardl © fF Suds Ged il sTadhors
14+ 2x+32+. .. +500% 81 x=1 T ZE el &1 A 1+2(1) +3(1)2 +... +50(1)®

(50)(51)
2

—14+2+3+...4+50= = 1275 ®I
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1
IETEIT 15 f(x)=% W1 SRS A IS

e I8 B x =0 % SIARE IE o fou aRWiftd ©1 89 T8l u=x+ 1 3R v=x
TR TR TEE o1 TN R R Ay = 1 3R v = | gEfeu

df(x)zi[x+lj=i[£j zu'v—uv'zl(x)—(x+1)l_ 1

dx  dx\ x dx\ v V2 x° I
IEEIUT 16 sinx o ATHAS 1 U Hifsg|
g HHE ST Ax) = sin x, 99

df (x) _ limf(x+h)—f(x)_lim sin(x+h2—sin(x)

dx h—>0 h h—>0

2005[2x+ h
~ lim

h—0 h

. (h
Jsm[2J (sin A—sin B & 93 1 FANT 6ich)

sin—
limcos| x+— [.lim 2 =cosx.l=cosx
= 150 2 ) h>0 h .

2

JEEIUT 17 tan x o STOehalS] ol YReheld ohifold|
T WM ST fx) = tan x, T
df (x) _ limf(x+h)—f(x) i tan(x+h2—tan(x)

=lim
dx h—0 h h—0

1 {Sin(x+h) ) sinx}

o
]
2]
—_
=
+
=
~—
o
=]
2]
=

.| sin(x+h)cosx —cos(x+4)sinx
_ lim
h—0 hcos(x+h)cosx

sin(x+h—x)

= lim (sin (A + B) % g3 1 I 7o)

T 0 hcos(x+h)cosx
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. sinh . 1
lim JQim
=0 h 0 cos(x+ h)cosx

2
= 1. =sec’ x

2
COos X

JEEIUT 18 f{x) =sin? x o 3Taeharsl &1 IRehad il

Tl TY THSHT UF UK 3 o AU Leibnitz T T &1 40 H 2
df (x) d

i E(sin X sin x)

X

= (sin x)" sin x + sin x (sin x)’
= (cos x) sin x + sin x (cos x)
= 2sin x cos x = sin 2x.

| woeaet 122

x =10 T x> — 2 T Thcts A hifed|

x=1TR x HT THAS A HifoTT|

x =100 T 99x ST TAHETS A hIfT]

e fagid 9 fefafad ol o Aashas [d HhITeT:

() ¥ -27 (i) (x-1)(x-2)

B W N =

1 : x+1
(iii) 2 (iv) o1

100 99 2

X X X
—t—+.. .+ —+x+1
100 99 2

o fou fag =ifse f6 f7(1)=100/7(0).
6. TRel oeR adfass @&l a & U ¥ +ax" '+ a2 2 +.. .+ ad" x+a" H

SRS G RIS
7. Wﬂﬂﬁaﬁ'{b,ﬁm,

N

EIGE| f(x)z

x—a
x—=b

@) (x-a)(x—b) (i) (ax®+b) (iif)
% SFIHAS A HIfTT|

Reprint 2026-27



10.
11.

SETET0T 19 oW FHgid @ f %1 fshols A HINT ST /39 YR IS €

i R ST

et R o & fow —d FT STFAS T FIHTTY

xX—a

frafafad o asas I Sifsg:

(i) 2x—% (ii) (5x3 +3x—l) (x-1)
(i) x7(5+3x) (iv) x*(3-6x7)
2
- -5 . X
v) x4(3—4x ) (vi) P

Tem fagid ¥ cos x 1 3TTHeTS A hifoIg|
fr=fafad wemi & sEwes i)

259

(1) sinxcosx (i1) secx (iil) 5secx +4cosx
(iv) cosec x (v) 3cotx+5cosecx
(Vi) 5sinx—6cosx+7 (vil) 2tanx—7secx
fafaer sargvor

. 2x+3 B 1
0 S0 =" (i) f()= ¥+

g (i) I ST fom wer x = 2 W uietd 7E @)1 wife, en U @

)1 () 2(x+h)+3 2x+3
, th)= ) o xth-2  x-2
f(x)_;lzlf% h _hqo h

(2x+2h+3)(x-2)-(2x+3)(x+h-2)

B ) en2)

(2x+3)(x—2)+2h(x=2)=(2x+3)(x —-2) - (2x +3)

L8

i h(x=2)(x +h-2)

-7 __ 7
) o)
T o AT x=2 W wew 1 off aftenfod T R

li
he

LE

Reprint 2026-27



260 Tford

(i) x=0TR wer R T& 21 i, g9 e €

(rn)-r()_ BB
) _ Sx+h)=f(x)_ x+h X
/() T h = h
. 1 10
:hngh +x+h_xH
O
_ lim— |jz+x - hD lim lﬂzm =
h=0h 5 x(x+h@h h@ﬁ x %
U 1 U 1
_ - 1-—
SINE g @

T = T fF x =0 Fer [ uRefud 7 2

SATET0T 20 YoM fAgid W el f{x) F1 Aol A1d IS STl f{x)

(1) sinx +cosx (i1) xsinx

T ()er T E, (x) = f(“hz‘f(X)

sin(x+h)+cos(x+h)—sinx—cosx
h-0 h

sinx cosh +cosx sinh +cosxcosh —sinx sin/ —sin x —cos x
= lim
h=0 h

sinh (cosx —sin x) +sin x(cos h— 1) + cosx(cosh - 1)

= lim
h-0 h
= lim ink (cosx —sin x) +limsin x—(COSh - 1) +1lim cosx—(COSh _ 1)
h-0

h-0 h h-0

=C0S x — sin x
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@) fi(x) = Iimf(x+h)—f(x):Iim(x+h)sin(x+h)—xsinx

h—0 h h—0 h

(x+ h)(sinx cosh+sinh cosx)—xsinx

= lim
h—0 h

xsinx(cosh —1)+xcosxsinh+ h(sinxcosh+ sin/ cosx)

= lim
h—0 h
xsinx(cosh—l) ) sinh ) .
= lim +1im;,_,, xcos x—— +lim(sinxcos/ +sin/cosx)
h—0 h h—0

=X COoS x +sinx

SaEr 21 (1) flix) =sin 2x (i1) g(x) =cot x
o ARl Bl G hifed|

et (i) FeRTofAfd |3 sin 2x = 2 sin x cos x 3T IO HINTI 36 THR

LUAC)) = i(2sinxcosx)=2i(sinxcosx)
dx dx dx

= 2[(sinx)' cosx+sinx(cosx)'}
= 2[(cosx)cosx+sinx(—sinx)} = 2(cos2x—sin2 x)

(ii) TR ©, g(x) = cotx=§?§jcc T ANTRC G HT TAR T HEAT R FH3, STET Fal

d;

e TRefE £ 2=
dx

d ( cosx J _ (cos x)'(sinx)—(cosx)(sinx)’

d
- tx)=
dx (cotx) dx

sinx (sin x)2

_ (=sinx)(sin x)—(cos x) (cos x)

(sinx)?

- 2 2
sin” x+cos” x 2
= —————5 ———=-—cosec’x
sin” x
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ﬁmazsﬂaﬁwﬁéwﬁscotﬁtan , Ufienferd feran S Sehdl 81 921 B9 39 923
X

1 TAT HL € T tan x 1 ST sec’ x B S BH ISR 17 H 2@ ® SR Y
& 3R Hed F 31w (0 Bl 2l

g _ (cot )—i[ ! j
dx  dx dx \ tanx

(1) (tan x)—(1)(tan x)’

(tan x)*

(0) (tan x)—(sec x)*

(tan x)*
2

—sec” x 2

= 5= —Cosec’x
tan” x
—COSX .. X+cosx
330l 22 (1) e 11
sin x tan x

T TRl A hiTeTT|

Te (i) OF e h()_ﬂ vl #d ot 77 uRefi ¥, 89 @ BoM W

Sin x

TS 128 T T |

(x° = cosx)'sinx — (x° —cos x)(sin x)'

h(x)=
(sinx)?
B (5x* +sinx)sin x — (x* — cosx)cos x
sin” x
B —x”cosx+5x*sinx+1
(sinx)’
. X+cosx . ¢ _ o
(if) & HeH —— T AR 2| BT WA 3 SR el o 7 a2
X
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(x+cosx)"tan x — (x + cos x) (tan x)’

(tan x)?

h'(x) =

~ (I-sinx)tanx — (x + cosx) sec” x

(tan x)?

g 12 ¥ fafaer goraet
1. vem fagia 9 f=fafad werl &1 Jashas I Sifse:

(i) —x (i) (-x)" (i) sin(x+1)  (iv) cos (x - %)
TG el o STehers Hd HITST (I8 9 S TF a, b, ¢, d, p, g, r 3R

s T g 3R € SR m qen it )
Tis 2
2. (x +a) 3. (px tq) . 4. (ax+b)(cx+d)
1
ax+b 1+~ 1
5. 6. —X 7. ———
cx+d 1_1 ax” +bx+c
X
ax+b 2
g —2Z*9 o PXtgxtr 10, 2 -5 4 cosx
X +gx+r ax+b x X
1. 4x-2 12. (ax+b)" 13. (ax+b)" (ex+d)"
. COS X
14. sin (x + a) 15. cosec x cot x 16. ;
I+sinx
. sin x + cos x 18 secx—1 0
" sinx-—cosx " secx+1 | smex
a+bsinx sin(x + a) ‘e
200 ——— 21, ———— 22. x"(5sinx—3cosx)
c+dcosx cos X
23. (x2+l)cosx 24. (ax2+sinx)(p+qcosx)
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28.

2 T
4 i X cos| —
25. (x+cosx) (x—tanx) 26. m 27 (‘J
3x+7cosx sin x
X X
1+ tanx 29. (x+secx) (x—tanx) 30. sin” x

HRTIT

¢ oM 1 oTuferd A S U fag o o SR o fagei W fek v 2, fag
W el o S0 U S WA (Left handed limit) =1 qfRefoe shear 21 se
TR FTW UeT st HrET (Right handed limit) |

¢ T 65 W e %1 G ad gey 3R Sd U w1 Hee | W Swatts /e
g A o Hurdt &)

¢ fg forght fog W o1l uer iR < ger ki HEd GOl T e @ ae wer S
2 fF 39 foig W wer #1 w1 afae T8 2

¢ TF TfaE WS o SR TF wer f % fa im fy) 8k f(q) TR T oA
8 gahd (o ®, U IRIfd 8 SR gEw )

* wori [oiR g forg Freffa @ eR S

lim[ /(x)£g(x)]=lim £ (x)£lim g(x)

lim[f(x).g(x)]=1im / (x).lim g (x)

lin{f (x)})l‘i.i%fw
x4 g(x) |1 lim g(x)

¢ fefeiad S s §md 2|

xi’l n
] - i
lim =na"
xX—a x _— a

. sinx
lim =1
x=0 x
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hml—cosx:()

x—0 X

¢ g W HAT [ BT ATRAS

1@ =i LD 5 oty e

¢ TI% fdg W Tahars, sTahersl Ho

f'(x)=dj;(xx)=}li_r)% f(“hz_f(x) g e g 2
¢ ol u 3R v R T fefafed amy g R:
(utv)=u'£v'

(uv) =u'v+uy'

[zj =u'v_2uv' Ferd weft aRefid €

A% A%
¢ frafafed $9 AFs sawas @:

i(xn):nxn—l

dx

d .
—(sinx)=cosx
ety

i(cos X)=-—sinx

ufeTfae Toyrd
o o fder W e o SR o 9F W1 9rier 29 & AW Y@ ©
Issac Newton (1642 — 1727) 3R G.W. Leibnitz (1646 — 1717). ¥s@el Irarsl o
T A WA G e T ST Rl e % SANTHA o 1% SHeR STTH
foehma ¥q o™ TfUIaRT A AR TR URYs Yeheus 1 g 99 He™ Tl
A.L.Cauchy, J.L.Lagrange 3 Karl Weier strass %! 9 €1 Cauchy 7 && 1
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YR o fSraer! 319l 9 oAT9ehd: U187 &l § iR %Y g 21 Cauchy
D'Almbert &1 €T Feheddl o TAN o G STaharsl i qRAT | o ht

sina

IR ¥ IRY FW T =0 F fow F g S 3T f{u 3=

a
Ay _fGH)-f ()

Ax ; , foman &k i—)O,éF fau g & 'f"(x)éh_ foq ¥y,

“function derive’e " I8 &=

1900 ¥ gd 7€ G STl o foF Fei sl YGHT g Hhie ¢, THfe Herd
Fa1ett w1 TgT 9w ot Aferd SR 1900 H $etE | John Perry TH &4 1 T
o) &1 TER T IR TR foh o 1 g fafmi it arond @ € @ik
el TR R« U S Gehdl €1 F.L. Griffin § el o 31&49 i g9 od o
IE W IR Heh g U5 fohanl 37 5 7@ aga Aol el e

31T 7 oheret TIoTa 3t fes 31 Tl S/ wHifent, T o, srefeme,
Safae & e 1 ST seeye 2l

4
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