
f=kdks.kferh; iQyu     49

vA mathematician knows how to solve a problem,

he can not solve it. – MILNE v

3.1  Hkwfedk (Introduction)

'kCn ̂ fVªxksuksesVªh* dh O;qRifÙk xzhd 'kCnksa ̂ fVªxksu* rFkk ̂ esVªksu*
ls gqbZ gS rFkk bldk vFkZ ^f=kHkqt dh Hkqtkvksa dks ekiuk* gksrk gSA
bl fo"k; dk fodkl ewyr% f=kHkqtksa ls lacaf/r T;kferh; leL;kvksa
dks gy djus osQ fy, fd;k x;k FkkA bldk vè;;u leqnzh ;k=kkvksa
osQ dIrkuksa] losZ;jksa] ftUgsa u, Hkw&Hkkxksa dk fp=k rS;kj djuk gksrk Fkk
rFkk vfHk;arkvksa vkfn osQ }kjk fd;k x;kA orZeku esa bldk mi;ksx
cgqr lkjs {ks=kksa tSls foKku] Hkwdai 'kkL=k] fo|qr ifjiFk (lfoZQV) osQ
fMtkbu rS;kj djus] v.kq dh voLFkk dk o.kZu djus] leqnz esa
vkusokys Tokj dh Å¡pkbZ osQ fo"k; esa iwokZuqeku yxkus esa] lkaxhfrd
y; (Vksu) dk fo'ys"k.k djus rFkk vU; nwljs {ks=kksa esa gksrk gSA

fiNyh d{kkvksa esa geus U;wu dks.kksa osQ f=kdks.kferh; vuqikr osQ fo"k; esa vè;;u fd;k gS]
ftls ledks.kh; f=kHkqtksa dh Hkqtkvksa osQ vuqikr osQ :i esa crk;k x;k gSA geus f=kdks.kferh;
loZlfedkvksa rFkk muosQ f=kdks.kferh; vuqikrksa osQ vuqiz;ksxksa dks Å¡pkbZ rFkk nwjh osQ iz'uksa dks gy
djus esa fd;k gSA bl vè;k; esa] ge f=kdks.kferh; vuqikrksa osQ laca/ksa dk f=kdks.kferh; iQyuksa osQ
:i esa O;kidhdj.k djsaxs rFkk muosQ xq.k/eks± dk vè;;u djsaxsA

3.2  dks.k (Angles)

,d dks.k og eki gsS tks ,d fdj.k osQ mlosQ izkjafHkd fcanq osQ ifjr% ?kweus ij curk gSA fdj.k
osQ ?kw.kZu dh ewy fLFkfr dks izkjafHkd Hkqtk rFkk ?kw.kZu osQ vafre fLFkfr dks dks.k dh vafre  Hkqtk
dgrs gSaA ?kw.kZu fcanq dks 'kh"kZ dgrs gSaA ;fn ?kw.kZu okekoÙkZ gS rks dks.k /ukRed rFkk ;fn ?kw.kZu
nf{k.kkoÙkZ gS rks dks.k ½.kkRed dgykrk gS (vko`QfÙk 3-1)A fdlh dks.k dk eki] ?kw.kZu (?kqeko)

vè;k; 3

Arya Bhatt

 (476-550 A.D.)

f=kdks.kferh; iQyu
(Trigonometric Functions)

Reprint 2026-27



50 xf.kr

dh og ek=kk gS tks Hkqtk dks izkjafHkd fLFkfr ls vafre  fLFkfr rd ?kqekus ij izkIr gksrk gSA dks.k
dks ekius osQ fy, vusd bdkb;k¡ gSaA dks.k dh ifjHkk"kk
bldh bdkbZ dk laosQr nsrh gS] mnkgj.k osQ fy,
izkjafHkd js[kk dh fLFkfr ls ,d iw.kZ ?kqeko dks dksa.k dh
,d bdkbZ fy;k tk ldrk gS tSlk] vkòQfr 3-2 esa
n'kkZ;k x;k gSA

;g loZnk cM+s dks.kksa osQ fy, lqfo/ktud gSA mnkgj.kr% ,d ?kwers gq, ifg;s osQ ?kqeko esa
cuk, x, dks.k osQ fo"k; esa dg ldrs gSa fd ;g 15 ifjØek izfr lsdaM gSA ge dks.k osQ ekius
dh nks vU; bdkb;ksa osQ fo"k; esa crk,¡xs ftudk lkekU;r% iz;ksx fd;k tkrk gS] ;s fMxzh eki rFkk
jsfM;u eki gSaA
3.2.1  fMxzh eki (Degree measure) ;fn izkjafHkd Hkqtk ls vafre Hkqtk dk ?kqeko ,d iw.kZ

ifjØe.k dk (
1

360
)ok¡ Hkkx gks rks ge dks.k dk eki ,d fMxzh dgrs gSa] bls 1° ls fy[krs gSaA

,d fMxzh dks feuV esa rFkk ,d feuV dks lsdaM esa foHkkftr fd;k tkrk gSA ,d fMxzh dk lkBok¡
Hkkx ,d feuV dgykrk gS] bls 1′ ls fy[krs gSa rFkk ,d feuV dk lkBok¡ Hkkx ,d lsdaM dgykrk
gS] bls 1′′ ls fy[krs gSaA vFkkZr~ 1° = 60′, 1′ = 60″

oqQN dks.k ftudk eki 360°] 180°] 270°] 420°] – 30°] – 420° gS mUgsa
vko`Qfr 3-3 esa n'kkZ;k x;k gSA

vko`Qfr 3-2

vko`Qfr 3-1
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3.2.2  jsfM;u eki (Radian measure) dks.k dks ekius osQ fy, ,d nwljh bdkbZ Hkh gS]
ftls jsfM;u eki dgrs gSaA bdkbZ o`Ùk (o`Ùk dh f=kT;k ,d bdkbZ gks) osQ osaQnz ij ,d bdkbZ
yackbZ osQ pki }kjk cus dks.k dks ,d jsfM;u eki dgrs gSaA vko`Qfr 3-4 (i)&(iv) esa] OA

izkjafHkd Hkqtk gS rFkk OB vafre Hkqtk gSA vko`Qfr;ksa esa dks.k fn[kk, x, gSa ftuosQ eki

1 jsfM;u] –1 jsfM;u] 
1

1
2
 jsfM;u rFkk 

1
&1

2
 jsfM;u gSaA

(i) (ii)
(iii)

vko`Qfr 3-4 (i) – (iv)

(iv)

vko`Qfr 3-3
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ge tkurs gSa fd bdkbZ f=kT;k osQ o`Ùk dh ifjf/ 2π gksrh gSA vr% izkjafHkd Hkqtk dh ,d
iw.kZ ifjØek osaQnz ij 2π jsfM;u dk dks.k varfjr djrh gSA

;g loZfofnr gS fd r f=kT;k okys ,d o`Ùk esa] r yackbZ dk pki osaQnz ij ,d jsfM;u dk
dks.k varfjr djrk gSA ge tkurs gSa fd o`Ùk osQ leku pki osaQnz ij leku dks.k varfjr djrs gSaA
pwafd r f=kT;k osQ o`Ùk esa r yackbZ dk pki osaQnz ij ,d jsfM;u dk dks.k varfjr djrk gS] blfy,

l yackbZ dk pki osaQnz ij 
l

r
 jsfM;u dk dks.k varfjr djsxkA vr% ;fn ,d o`Ùk] ftldh f=kT;k

r gS] pki dh yackbZ l rFkk osaQnz ij varfjr dks.k θ jsfM;u gS] rks ge ikrs gSa fd  θ  = 
l

r

;k l  = r θ.

3.2.3 jsfM;u rFkk okLrfod la[;kvksa osQ eè; laca/  (Re-

lation between radian and real numbers)  ekuk fd
bdkbZ o`Ùk oQk osaQnz] O ij gSa rFkk o`Ùk ij oQksbZ fcanq  A gSA ekuk
oQks.k dh izkjafHkoQ Hkqtk OA gS] rks o`Ùk osQ pki dh yackbZ ls o`Ùk
osQ osaQnz ij pki }kjk varfjr dks.k dh eki jsfM;u esa izkIr gksrh
gSA eku yhft, o`Ùk osQ fcanq  A ij Li'kZ js[kk PAQ gSA ekuk fcanq
A okLrfod l a[;k 'k w U; i zn f' k Zr djrk g S ] AP

/ukRed okLrfod la[;k n'kkZrk gS rFkk AQ Í.kkRed okLrfod
la[;k n'kkZrk gS (vko`QfÙk 3-5)A ;fn ge o`Ùk dh vksj js[kk AP

dks ?kM+h dh foijhr fn'kk esa ?kqekus ij rFkk js[kk AQ dks ?kM+h
dh fn'kk esa ?kqek,¡ rks izR;sd okLrfod la[;k osQ laxr jsfM;u eki
gksxk rFkk foykser%A bl izdkj jsfM;u eki rFkk okLrfod
la[;kvksa dks ,d rFkk leku eku ldrs gSaA

3.2.4  fMxzh rFkk jsfM;u osQ eè; laca/  (Relation between degree and radian) D;ksafd
o`Ùk] osaQnz ij ,d dks.k cukrk gS ftldh eki  2π jsfM;u gS rFkk ;g 360° fMxzh eki gS] blfy,

2π jsfM;u ¾ 360°  ;k   π jsfM;u ¾ 180°

mi;qZDr laca/ gesa jsfM;u eki dks fMxzh eki rFkk fMxzh eki dks jsfM;u eki esa O;Dr djrs gSaA

π dk fudVre eku 
22
7

 dk mi;ksx djosQ] ge ikrs gSa fd

 1 jsfM;u ¾ 
°

π

180
¾ 57°16′  fudVre

A
O

1

P

1

2

−1

−2

Q

0

vko`Qfr 3-5
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iqu% 1° ¾ 
π

180
 jsfM;u ¾ 0.01746 jsfM;u (fudVre)

dqN lkekU; dks.kksa osQ fMxzh eki rFkk jsfM;u eki osQ laca/ fuEufyf[kr lkj.kh esa fn, x, gSa%

lkaosQfrd izpyu
pw¡fd dks.kksa dh eki ;k rks fMxzh esa ;k jsfM;u esa gksrh gS] vr% izpfyr ifjikVh osQ vuqlkj tc
ge dks.k θ° fy[krs gSa] ge le>rs gSa fd dks.k dk eki θ fMxzh gS rFkk tc ge dks.k  β fy[krs
gSa] ge le>rs gSa fd dks.k dk eki β jsfM;u gSSA

è;ku nhft, tc dks.k dks jsfM;u eki esa O;Dr djrs gSa] rks izk;% jsfM;u fy[kuk NksM+ nsrs

gSa vFkkZr~ 
π

π 180 45
4

= ° = °vkjS  dks bl fopkj dks è;ku esa j[kdj fy[krs gSa fd π rFkk 
π

4
 dh

eki jsfM;u gSA vr% ge dg ldrs gSa fd

jsfM;u eki = 
π

180
 × fMxzh eki

fMxzh eki = 
180

π
× jsfM;u eki

mnkgj.k 1  40° 20′  dks jsfM;u eki esa cnfy,A

gy ge tkurs gSa fd 180° =  π jsfM;u

blfy,] 40° 20′  = 40 
1

3
 fMxzh =  

π

180
×

121

3
 jsfM;u = 

121π

540
 jsfM;u

blfy, 40° 20′ =
121π

540
  jsfM;u

mnkgj.k 2    6 jsfM;u dks fMxzh eki esa cnfy,A
gy ge tkurs gSa fd π jsfM;u =  180°

blfy, 6 jsfM;u =  
180

π
× 6 fMxzh = 

1080 7

22

×
 fMxzh

fMxzh 30° 45° 60° 90° 180° 270° 360°

jsfM;u
π

6

π

4

π

3

π

2
π

3π

2
2π
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= 343
7

11
 fMxzh  = 343° + 

7 60

11

×
 feuV [D;ksafd 1° = 60′]

= 343° + 38′  + 
2

11
 feuV [D;ksafd 1′ = 60″]

= 343° + 38′ + 10.9″ = 343°38′ 11″ fudVre
blfy,   6 jsfM;u = 343° 38′ 11″ fudVre

mnkgj.k 3  ml o`Ùk dh f=kT;k Kkr dhft, ftlesa 60° dk osQanzh; dks.k ifjf/ ij 37-4 lseh

yackbZ dk pki dkVrk gS (
22

π
7

=  dk iz;ksx djsa)A

gy ;gk¡ l = 37-4 lseh rFkk θ = 60° = 
60π

180
 jsfM;u 

π
=

3

vr%  r =
θ

l
]  ls ge ikrs gSa

r =
37.4×3 37.4×3×7

=
π 22

 = 35-7 lseh

mnkgj.k 4 ,d ?kM+h esa feuV dh lqbZ 1.5 lseh yach gSA bldh uksd 40 feuV esa fdruh nwj tk
ldrh gSa (π = 3-14 dk iz;ksx djsa)\

gy 60 feuV esa ?kM+h dh feuV okyh lqbZ ,d ifjØe.k iw.kZ djrh gS] vr% 40 feuV esa feuV

dh lqbZ ,d ifjØe.k dk 
2

3
 Hkkx iwjk djrh gSA blfy,

2
θ = × 360°

3
 ;k 

4π

3
 jsfM;u

vr% r; dh xbZ okafNr nwjh

 l = r θ  =  1.5 ×
4π

3
lseh = 2π lseh = 2 × 3.14 lseh = 6.28 lseh

mnkgj.k 5 ;fn nks o`Ùkksa osQ pkiksa dh yackbZ leku gks vkSj os vius osQanz ij Øe'k%  65° rFkk 110°

dk dks.k cukrs gSa] rks mudh f=kT;kvksa dk vuqikr Kkr dhft,A

gy ekuk nks o`Ùkksa dh f=kT;k,¡ Øe'k% r
1
 rFkk r

2
 gSa rks

θ1 = 65° = 
π

65
180

×  = 
13π

36
 jsfM;u
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rFkk θ2  = 110° = 
π

110
180

×  = 
22π

36
jsfM;u

ekuk fd izR;sd pki dh yackbZ l gS] rks l =  r
1
θ1 =  r

2
θ2, ftlls

13π

36
 × r

1
 = 

22π

36
 × r

2 
,
 
 vFkkZr~~]  

1

2

r

r
= 

22

13

blfy,  r
1
 : r

2
 = 22 : 13.

iz'ukoyh 3.1

1. fuEufyf[kr fMxzh eki osQ laxr jsfM;u eki Kkr dhft,%

(i) 25° (ii) – 47°30′ (iii) 240° (iv) 520°

2. fuEufyf[kr jsfM;u eki osQ laxr fMxzh eki Kkr dhft, (
22

π
7

=  dk iz;ksx djsa)%

(i)
11

16
(ii) – 4 (iii)

5π

3
(iv)

7π

6

3. ,d ifg;k ,d feuV esa 360° ifjØe.k djrk gS rks ,d lsdaM esa fdrus jsfM;u eki dk
dks.k cuk,xk\

4. ,d o`Ùk] ftldh f=kT;k 100 lseh gS] dh 22 lseh yackbZ dh pki o`Ùk osQ osaQnz ij fdrus

fMxzh eki dk dks.k cuk,xh (
22

π
7

=  dk iz;ksx dhft,)A

5. ,d o`Ùk] ftldk O;kl 40 lseh gS] dh ,d thok 20 lseh yackbZ dh gS rks blosQ laxr NksVs
pki dh yackbZ Kkr dhft,A

6. ;fn nks o`Ùkksa osQ leku yackbZ okys pki vius osaQnzksa ij Øe'k% 60° rFkk 75° osQ dks.k cukrs
gksa] rks mudh f=kT;kvksa dk vuqikr Kkr dhft,A

7. 75 lseh yackbZ okys ,d nksyk;eku nksyd dk ,d fljs ls nwljs fljs rd nksyu djus ls
tks dks.k curk gS] mldk eki jsfM;u esa Kkr dhft,] tcfd mlosQ uksd }kjk cuk, x, pki
dh yackbZ fuEufyf[kr gSa%
(i) 10 lseh
(ii) 15 lseh
(iii) 21 lseh
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3.3  f=kdks.kferh; iQyu (Trigonometric Function)

iwoZ d{kkvksa esa] geus U;wu dks.kksa osQ f=kdks.kferh;
vuqikrksa dks ledks.k f=kHkqt dh Hkqtkvksa osQ
:i esa vè;;u fd;k gSA vc ge fdlh dks.k
osQ f=kdks.kferh; vuqikr dh ifjHkk"kk dks
jsfM;u eki osQ inksa esa rFkk f=kdks.kferh;
iQyu osQ :i esa vè;;u djsaxsA

eku yhft, fd ,d bdkbZ òÙk] ftldk
osaQnz funsZ'kkad v{kksa dk ewy fcanq  gksA ekuk fd
P (a, b) o`Ùk ij dksbZ fcanq  gS rFkk dks.k
AOP = x jsfM;u vFkkZr~ pki dh yackbZ
AP = x (vko`Qfr 3-6) gSA ge ifjHkkf"kr
djrs gSa%

cos x = a rFkk sin x =  b

pw¡fd ∆OMP ledks.k f=kHkqt gS] ge ikrs gSa]
OM2 + MP2 = OP2  ;k a2 + b2 = 1

bl izdkj bdkbZ o`Ùk ij izR;sd fcanq  osQ fy,] ge ikrs gSa fd
a2 + b2 = 1 ;k cos2 x + sin2 x = 1

D;ksafd ,d iw.kZ ifjØek (?kw.kZu) }kjk o`Ùk osQ osQanz ij 2π jsfM;u dk dks.k varfjr gksrk gS]

blfy,  ∠AOB = 
π

2
,  ∠AOC = π RkFkk ∠AOD = 

3π

2
A 

π

2
 osQ izkar xq.kt okys lHkh dks.kksa

dks prqFkk±'kh; dks.k ;k o`Ùkiknh; dks.k (quadrantal angles) dgrs gSaA
fcanqvksa A, B, C rFkk D osQ funsZ'kkad Øe'k% (1, 0), (0, 1), (–1, 0) rFkk (0, –1) gSa]

blfy, prqFkk±'kh; dks.kksa osQ fy, ge ikrs gSa]
cos 0° = 1 sin 0° = 0

cos 
π

2
= 0 sin 

π

2
= 1

cosπ = − 1 sinπ = 0

cos 
3π

2
= 0 sin 

3π

2
= –1

cos 2π = 1 sin 2π = 0

vko`Qfr 3-6
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vc] ;fn ge fcanq P ls ,d iw.kZ ifjØek ysrs gSa] rks ge mlh fcanq  P ij igq¡prs gSaA bl

izdkj ge ns[krs gSa fd ;fn x,  2π osQ iw.kkZad xq.kt esa c<+rs (;k ?kVrs) gSa] rks f=kdks.kferh; iQyuksa

osQ ekuksa esa dksbZ ifjorZu ugha gksrk gSA

bl izdkj sin (2nπ + x)  = sinx , n ∈ Z

cos (2nπ + x) = cosx , n ∈ Z

iqu%  sin x = 0, ;fn x = 0, ± π,  ± 2π , ± 3π, ...vFkkZr~ x, π dk iw.kkZad xq.kt gSA

rFkk  cos x = 0, ;fn x  = ± 
π

2
, ± 

3π

2
 , ± 

5π

2
, ... vFkkZr~  cos x = 0,tc x,

π

2
 dk fo"ke xq.kt

gSA  bl izdkj

sin x  = 0  ls izkIr gksrk gS fd x = nπ, π, π, π, π, tgk¡ n dksbZ iw.kkZad gSA

cos x = 0 ls izkIr gksrk gS fd x = (2n + 1) 
π

2
, tgk¡ n dksbZ iw.kkZad gSA

vc ge vU; f=kdks.kferh; iQyuksa dks sine rFkk cosine osQ inksa esa ifjHkkf"kr djrs gSa%

cosec x = 
1

sin x
, x ≠  nπ, tgk¡ n dksbZ iw.kkZad gSA

sec x    = 
1

cos x
, x ≠ (2n + 1) 

π

2
, tgk¡ n dksbZ iw.kkZad gSA

tan x     = 
sin

cos

x

x
, x ≠ (2n +1)

π

2
, tgk¡ n dksbZ iw.kkZad gSA

cot x     = 
cos

sin

x

x
, x ≠ n π, tgk¡ n dksbZ iw.kkZad gSA

ge lHkh okLrfod x osQ fy, ns[krs gSa fd  sin2 x + cos2 x = 1

bl izdkj 1 + tan2 x = sec2 x (D;ksa\)

 1 + cot2 x = cosec2 x (D;ksa\)

iwoZ d{kkvksa esa] ge  0°, 30°, 45°, 60° rFkk 90° osQ f=kdks.kferh; vuqikrksa osQ ekuksa dh ppkZ
dj pqosQ gSaA bu dks.kksa osQ f=kdks.kferh; iQyuksa osQ eku ogh gSa tks fiNyh d{kkvksa esa i<+ pqosQ
f=kdks.kferh; vuqikrksa osQ gSaA bl izdkj] ge fuEufyf[kr lkj.kh ikrs gSa%
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vi
fjH
kkf"
kr

vi
fjH
kkf"
kr

0°
π

6

π

4

π

3

π

2
π

3π

2
2π

sin 0
1

2

1

2

3

2
1  0 – 1  0

cos 1
3

2

1

2
 

1

2
0 – 1   0  1

tan 0
1

3
  1 3   0  0

cosec x, sec x rFkk cot x dk eku Øe'k% sin x, cos x rFkk tan x osQ eku ls mYVk (foykse) gSA

3-3-1 f=kdks.kferh; iQyuksa osQ fpÉ (Signs of trigonometric functions) ekuk fd bdkbZ
o`Ùk ij P (a, b) dksbZ fcanq gSa] ftldk osQanz
e wy fc an q g S a ] rFkk ∠AOP = x, ;fn
∠AOQ = – x, rks fcanq Q osQ funsZ'kkad
(a, – b) gksaxs (vko`Qfr 3-7)A  blfy,
cos (– x) = cos x  rFkk  sin (– x) = – sin x

pw¡fd bdkbZ o`Ùk osQ izR;sd fcanq
P (a, b) osQ fy,  – 1 ≤ a ≤ 1 rFkk – 1 ≤  b
≤ 1, vr%] ge x osQ lHkh ekuksa osQ fy,
– 1 ≤ cos x ≤ 1 rFkk  –1 ≤ sin x ≤ 1, ikrs
gSaA fiNyh d{kkvksa ls gedks Kkr gS fd izFke

prqFkk±'k (0 < x < 
π

2
) esa a rFkk b nksuksa

/ukRed gSa] nwljs prqFkk±'k (
π

2
 < x <π)  esa

a ½.kkRed rFkk b /ukRed gSa] rhljs prqFkk±'k (π < x < 
3π

2
) esa a rFkk b nksuksa ½.kkRed gSa] rFkk

prqFkZ prqFkk±'k (
3π

2
 < x < 2π) esa a /ukRed rFkk b ½.kkRed gSA blfy, 0 < x < π osQ fy,

sin x /ukRed rFkk  π < x < 2π osQ fy, ½.kkRed gksrk gSA blh izdkj] 0 < x < 
π

2
 osQ fy,

vko`Qfr 3-7
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cos x /ukRed]  
π

2
 <  x < 

3π

2
 osQ fy, ½.kkRed rFkk 

3π

2
<  x < 2π osQ fy, /ukRed gksrk

gSA blh izdkj] ge vU; f=kdks.kferh; iQyuksa osQ fpÉ fofHkUu prqFkk±'kksa esa Kkr dj ldrs gSaA blosQ

fy, gekjs ikl fuEufyf[kr lkj.kh gS%

I II III IV

sin x + +  –  –

cos x +  –  –  +

tan x +  –  +  –

cosec x + +  –  –

sec x +  –  –  +

cot x +  –  +  –

3.3.2  f=kdks.kferh; iQyuksa dk izkar rFkk ifjlj  (Domain and range of trigonometric

functions) sine rFkk cosine iQyuksa dh ifjHkk"kk ls] ge ;g ikrs gSa fd os lHkh okLrfod
la[;kvksa osQ fy, ifjHkkf"kr gSaA iqu%] ge ;g Hkh ikrs gSa fd izR;sd okLrfod la[;k x osQ fy,]

– 1 ≤ sin x ≤ 1 rFkk – 1 ≤ cos x ≤ 1

vr%  y = sin x rFkk  y = cos x dk izkar lHkh okLrfod la[;kvksa dk leqPp; gS rFkk ifjlj
varjky [–1, 1], vFkkZr~] – 1 ≤ y ≤ 1 gSA

p w ¡ fd] cosec x = 
1

sin x
, y = cosec x dk izk ar] leqPp; { x : x ∈  R rFkk

x ≠ n π, n ∈  Z} rFkk ifjlj leqPp; {y : y ∈  R, y  ≥ 1 ;k  y  ≤ – 1} gSA blh izdkj]  y = secx

dk izkar] leqPp;  {x : x ∈  R rFkk x ≠ (2n + 1) 
π

2
, n ∈  Z} rFkk] ifjlj] leqPp;

{y : y  ∈  R, y  ≤ – 1 ;k y ≥ 1} gSA y = tan x dk izkar] leqPp; {x : x ∈  R rFkk

x ≠ (2n + 1) 
π

2
, n ∈ Z} rFkk ifjlj lHkh okLrfod la[;kvksa dk leqPp; gSA  y = cot x dk izkar]

leqPp;  {x : x  ∈  R rFkk  x ≠ n π, n ∈ Z}] ifjlj lHkh okLrfod la[;kvksa dk leqPp; gSA
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ge ns[krs gSa fd izFke prqFkk±'k esa] tc x, 0 ls 
π

2
dh vksj c<+rk gS] rks sin x Hkh 0 ls 1 dh

vksj c<+rk gS] nwljs prqFkk±'k esa tc  x, 
π

2
 ls π dh vksj c<+rk gS rks sin x, 1 ls 0 dh vksj ?kVrk

gSA rhljs prqFkk±'k esa tc x, π ls 
3π

2
dh vksj c<+rk gS rks sin x, 0 ls –1 dh vksj ?kVrk gS rFkk

var esa dks.k 
3π

2
 ls 2π dh vksj c<+rk gS rks sin x, –1 ls 0 dh vksj c<+rk tkrk gSA blh izdkj

ge vU; f=kdks.kferh; iQyuksa osQ fo"k; esa fopkj dj ldrs gSaA oLrqr% gekjs ikl fuEufyf[kr

lkj.kh gS%

I prqFkk±'k II prqFkk±'k III prqFkk±'k IV prqFkk±'k

sin 0 ls 1 dh vksj c<+rk gS 1 ls 0 dh vksj ?kVrk gS 0 ls &1 dh vksj ?kVrk gS –1 ls 0 dh vksj c<+rk gS

cos 1 ls 0 dh vksj ?kVrk gS 0 ls &1 dh vksj ?kVrk gS &1 ls 0 dh vksj c<+rk gS 0 ls 1 dh vksj c<+rk gS

tan 0 ls ∞ dh vksj c<+rk gS –∞ ls 0 dh vksj c<+rk gS 0 ls ∞ dh vksj c<+rk gS –∞ ls 0 dh vksj c<+rk gS

cot ∞ ls 0 dh vksj ?kVrk gS 0 ls –∞ dh vksj ?kVrk gS ∞ ls 0 dh vksj ?kVrk gS 0 ls –∞ dh vksj ?kVrk gS

sec 1 ls ∞ dh vksj c<+rk gS –∞ ls –1dh vksj c<+rk gS –1 ls –∞ dh vksj ?kVrk gS ∞ ls 1 dh vksj ?kVrk gS

cosec ∞ ls 1 dh vksj ?kVrk gS 1 ls ∞ dh vksj c<+rk gS –∞ ls –1dh vksj c<+rk gS –1 ls –∞ dh vksj ?kVrk gS

fVIi.kh  mi;qZDr lkj.kh esa] ;g dFku fd varjky 0 < x < 
π

2
 esa tan x dk eku 0 ls  ∞ (vuar)

rd c<+rk gS dk vFkZ gS fd tSls&tSls x dk eku 
π

2
 dh vksj c<+rk gS oSls&oSls tan x dk eku

cgqr vf/d gks tkrk gSA blh izdkj] tc ge ;g dg ldrs gSa fd prqFkZ prqFkk±'k esa cosec x dk

eku –1 ls – ∞ (½.kkRed vuar) rd esa ?kVrk gS rks bldk vFkZ gS fd tc x ∈  (
3π

2
, 2π) rc

tSls&tSls x,2π dh vksj vxzlj gksrk gS] cosec x cgqr vf/d ½.kkRed eku ysrk gSA lk/kj.kr%
fpÉ ∞ rFkk – ∞ iQyuksa rFkk pjksa osQ fo'ks"k izdkj osQ O;ogkj dks crkrs gSaA
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geus ns[kk fd sin x rFkk cos x osQ ekuksa dk varjky 2π osQ i'pkr~ iqujko`fÙk gksrh gSA tSls]
cosec x rFkk sec x osQ ekuksa dh Hkh varjky 2π osQ ckn iqujko`fÙk gksrh gSA ge vxys vuqPNsn esa
tan (π + x) = tan x ns[krs gSaA tSls] tan x osQ ekuksa esa varjky π osQ i'pkr~ iqujko`fÙk gksrh gS] D;ksafd
cot x, tan x dk iwjd gS] blosQ ekuks esa Hkh varjky π osQ i'pkr~ iqujko`fÙk gksrh gSA f=kdks.kferh;
iQyuksa esa bl Kku (xq.k/eZ) rFkk O;ogkj dk mi;ksx djus ij] ge iQyuksa dk vkys[k [khap ldrs
gSaA bu iQyuksa dk vkys[k uhps fn, x, gSa%

vko`Qfr 3-8

vko`Qfr 3-9

vko`Qfr 3-10 vko`Qfr 3-11
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vko`Qfr 3-12 vko`Qfr 3-13

mnkgj.k 6 ;fn cos x =  –  
3

5
  gks vkSj x r`rh; prqFkk±'k esa fLFkr gS] rks vU; ik¡p f=kdks.kferh;

iQyuksa osQ ekuksa dks Kkr dhft,A

gy D;ksafd  cos x  = –
3

5
 , ge ikrs gSa fd  sec x = 

5

3
−

vc sin2 x + cos2 x = 1 ;k sin2 x = 1 – cos2 x

;k sin2 x = 1 – 
9

25
  = 

16

25

vr% sin x = ± 
4

5

pw¡fd x r`rh; prqFkk±'k esa gS] rks sin x dk eku ½.kkRed gksxkA blfy,

sin x = – 
4

5

blls ;g Hkh izkIr gksrk gS fd

cosec x = – 
5

4

iqu%] ge ikrs gSa

tan x = 
sin 

cos 

x

x
 = 

4

3
 rFkk cot x = 

cos

sin

x

x
 = 

3

4
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mnkgj.k 7  ;fn  cot x = – 
5

12
 gks vkSj x f}rh; prqFkk±'k esa fLFkr gSa] rks vU; ik¡p f=kdks.kferh;

iQyuksa dks Kkr dhft,A

gy D;ksafd      cot x =  – 
5

12
, ge ikrs gSa  tan x  = – 

12

5

vc sec2 x = 1 + tan2 x = 1 + 
144

25
 = 

169

25

vr% sec x = ± 
13

5

pw¡fd x f}rh; prqFkk ±'k esa fLFkr gS] sec x dk eku ½.kkRed gksxkA blfy,

sec x = – 
13

5

blls ;g Hkh izkIr gksrk gS fd

                          
5

cos
13

x = −

iqu% ge ikrs gSa

sin x =  tan x cos x = (– 
12

5
) × (– 

5

13
) = 

12

13

rFkk     cosec x =
1

sin x
= 

13

12

mnkgj.k 8   sin
31π

3
 dk eku Kkr dhft,A

gy ge tkurs gSa fd sin x osQ ekuksa esa varjky 2π osQ i'pkr~ iqujko`fÙk gksrh gSA blfy,

sin 
31π

3
 = sin (10π + 

π

3
) = sin 

π

3
 = 

3

2
.

mnkgj.k 9  cos (–1710°) dk eku Kkr dhft,A

gy ge tkurs gSa fd cos x osQ ekuksa esa varjky 2π ;k 360° osQ i'pkr~ iqujko`fÙk gksrh gSA blfy,
cos (–1710°) = cos (–1710° + 5 × 360°)

 = cos (–1710° + 1800°) = cos 90° = 0
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iz'ukoyh 3-2

fuEufyf[kr iz'uksa esa ik¡p vU; f=kdks.kferh; iQyuksa dk eku Kkr dhft,%

1. cos x = – 
1

2
, x rhljs prqFkk±'k esa fLFkr gSA

2. sin x = 
3

5
, x nwljs prqFkk±'k esa fLFkr gSA

3. cot x = 
4

3
, x r`rh; prqFkk±'k esa fLFkr gSA

4. sec x = 
13

5
, x prqFkZ prqFkk±'k esa fLFkr gSA

5. tan x = – 
5

12
, x nwljs prqFkk±'k esa fLFkr gSA

iz'u la[;k 6 ls 10 osQ eku Kkr dhft,%

6. sin 765° 7. cosec (– 1410°)

8. tan 
19π

3
9. sin (– 

11π

3
)

10. cot (– 
15π

4
)

3.4  nks dks.kksa osQ ;ksx vkSj varj dk f=kdks.kferh; iQyu (Trigonometric

Functions of Sum and Difference of two Angles)

bl Hkkx esa ge nks la[;kvksa (dks.kksa) osQ ;ksx ,oa varj osQ fy, f=kdks.kferh; iQyuksa rFkk muls
lacaf/r O;atdksa dks O;qRiUu djsaxsA bl laca/ esa bu ewy ifj.kkeksa dks ge f=kdks.kferh; loZlfedk,¡
dgsaxsA ge ns[krs gSa fd

1. sin (– x)  = – sin x

2. cos (– x) = cos x

vc ge oqQN vkSj ifj.kke fl¼ djsaxs%
3. cos (x + y) = cos x cos y – sin x sin y

bdkbZ o`Ùk ij fopkj dhft,] ftldk osQanz ewy fcanq  ij gksA ekuk fd dks.k P
4
OP

1
, x rFkk

dks.k P
1
OP

2
, y

 
gSa rks dks.k P

4
OP

2
, (x + y) gksxkA iqu% ekuk dks.k  P

4
OP

3
, (– y) gSaA vr% P

1
, P

2
,
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P
3
 rFkk P

4
 osQ funsZ'kkad P

1
(cos x, sin x), P

2
 [cos (x + y), sin (x + y)], P

3 
[cos (– y), sin

(– y)] vkSj P
4
 (1, 0) gksaxs (vko`Qfr 3-14)A

f=kHkqtksa P
1
OP

3
 rFkk P

2
OP

4 
ij fopkj dhft,A os lok±xkle gSa (D;ksa)A blfy, P

1
P

3
 vkSj

P
2
P

4
 cjkcj gSaA nwjh lw=k dk mi;ksx djus ij

P
1
P

3

2 = [cos x – cos (– y)]2  + [sin x – sin(–y)]2

= (cos x – cos y)2 + (sin x + sin y)2

= cos2x + cos2 y – 2 cos x cos y + sin2 x + sin2 y + 2sin x sin y

= 2 – 2 (cos x cos y – sin x sin y) (D;ksa?)

iqu% P
2
P

4
2 = [1 – cos (x + y)] 2 + [0 – sin (x + y)]2

= 1 – 2cos (x + y) + cos2 (x + y) + sin2 (x + y)

= 2 – 2 cos (x + y)

D;ksafd P
1
P

3
= P

2
P

4
, ge ikrs gSa_ P

1
P

3
2 = P

2
P

4
2

blfy,, 2 –2 (cos x cos y – sin x sin y) = 2 – 2 cos (x + y)

vr% cos (x + y) = cos x cos y – sin x sin y

vko`Qfr 3-14
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4. cos (x – y) = cos x cos y + sin x sin y

loZlfedk 3 esa  y osQ LFkku ij – y j[kus ij
cos (x + (– y)) = cos x cos (– y) – sin x sin (– y)

;k cos (x – y) = cos x cos y + sin x sin y

5. cos ( x
π

–
2

) = sin x

loZlfedk 4 esa x osQ LFkku ij 
π

2
 rFkk y osQ LFkku ij x j[kus ij ge ikrs gSa

cos (
π

2
x− ) = cos 

π

2
 cos x + sin 

π

2
 sin x = sin x

6. sin ( x
π

–
2

) = cos x

loZlfedk 5 dk mi;ksx djus ij ge ikrs gSa

sin (
π

2
x− ) = cos 

π π

2 2
x

  − −    
 = cos x.

7. sin (x + y) = sin x cos y + cos x sin y

ge tkurs gSa fd

 sin (x + y) = cos 
π

( )
2

x y
 − +  

 = cos 
π

( )
2

x y
 − −  

 = cos (
π

2
x− ) cos y + sin 

π
( )

2
x− sin y

 = sin x cos y + cos x sin y

8. sin (x – y) = sin x cos y – cos x sin y

;fn ge loZlfedk 7 esa y osQ LFkku ij – y  j[ksa rks mijksDr ifj.kke ikrs gSaA

9. x vkSj y osQ mi;qZDr ekuksa dks loZlfedkvksa 3] 4] 7 vkSj 8 esa j[kus ij ge fuEufyf[kr
ifj.kke fudky ldrs gSa%

cos x
π

( + )
2

 = – sin x sin x
π

( + )
2

 = cos x

cos (πππππ – x)  = – cos x sin (πππππ – x)  = sin x

cos (πππππ + x)  = – cos x sin (πππππ + x)  = – sin x

cos (2πππππ – x) = cos x sin (2πππππ – x) = – sin x
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blh izdkj osQ laxr ifj.kke tan x, cot x, sec x ,oa cosec x osQ fy, sin x vkSj cos x osQ
iQyuksa osQ ifj.kkeksa ls vklkuh ls fudkys tk ldrs gSaA

10. ;fn x, y vkSj (x + y) esa ls dksbZ 
π

2
 dk fo"ke xq.kkad ugha gSa rks]

    tan (x + y) = 
x y

x y

tan + tan

1 – tan tan

D;ksafd x, y rFkk (x + y) esa ls dksbZ 
π

2
 dk fo"ke xq.kkad ugha gSa] blfy, cos x,

cos y rFkk cos (x + y) 'kwU; ugha gSaA vc

    tan (x + y) = 
sin( )

cos( )

x y

x y

+
+  = 

sin cos cos sin

cos cos sin sin

x y x y

x y x y

+
−

va'k vkSj gj esa cos x cos y, ls foHkkftr djus ij ge ikrs gSaA

    tan (x + y) = 

yx

yx

yx

yx

yx

yx

yx

yx

coscos

sinsin

coscos

coscos

coscos

sincos

coscos

cossin

−

+

= 
tan tan

1 – tan tan

x y

x y

+

11.             tan ( x – y) = 
x y

x y

tan – tan

1 + tan tan

;fn loZlfedk 10 esa y osQ LFkku ij – y j[kus ij] ge ikrs gSa
     tan (x – y) = tan [x + (– y)]

=  
tan tan ( )

1 tan tan ( )

x y

x y

+ −
− −  = 

tan tan

1 tan tan

x y

x y

−
+

12. ;fn x, y rFkk (x + y) esa ls dksbZ Hkh dks.k πππππ, dk xq.kkad ugha gSa] rks

    cot ( x + y) = 
x y

y x

cot cot – 1

cot +cot
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D;ksafd x, y rFkk (x + y) dks.kksa esa ls dksbZ Hkh π, dk xq.kkad ugha gSa] blfy, sin x,  sin y

rFkk sin (x + y) 'kwU; ugha gSaA vc

cot ( x + y) =
cos ( ) cos cos – sin sin

sin ( ) sin cos cos sin

x y x y x y

x y x y x y

+ =
+ +

va'k vkSj gj dks sin x sin y, ls foHkkftr djus ij] ge ikrs gSa

cot (x + y) =
cot cot –1

cot cot

x y

y x+

13. cot (x – y) =
x y

y x

cot cot + 1

cot – cot
tgk¡ x, y rFkk x – y; π     osQ x.kkad ugha gSaA

;fn loZlfedk 12 esa y osQ LFkku ij –y j[krs gSa rks ge mijksDr ifj.kke ikrs gSaA

14. cos 2x  = cos2x – sin2 x = 2 cos2 x – 1 = 1 – 2 sin2 x = 
x

x

2

2

1 – tan

1 + tan

ge tkurs gSa fd

cos (x + y) = cos x  cos y – sin x sin y

y osQ LFkku ij x, j[ksa rks] ge ikrs gSa
  cos 2x = cos2x – sin2 x

= cos2
 x – (1 – cos2 x) = 2 cos2x – 1

iqu% cos 2x = cos2 x – sin2 x

= 1 – sin2 x – sin2 x = 1 – 2 sin2
 x.

vr% ge ikrs gSa cos 2x = cos2 x – sin 2 x  =  

2 2

2 2

cos sin

cos sin

x x

x x

−
+

va'k vkSj gj dks cos2 x ls foHkkftr djus ij] ge ikrs gSa

cos 2x =

2

2

1 – tan

1+ tan

x

x
x ≠ nπ + π + π + π + π + 

π

2
 tgk¡ n iw.kk±d gSA

15. sin 2x = 2 sinx cos x = 
x

x
2

2tan

1 + tan

ge tkurs gSa fd
sin (x + y) = sin x cos y + cos x sin y

y osQ LFkku ij x j[kus ij] ge ikrs gSa%
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sin 2x = 2 sin x cos x.

iqu% sin 2x = 2 2

2sin cos

cos sin

x x

x x+

izR;sd in dks cos2 x ls foHkkftr djus ij] ge ikrs gSa%

sin 2x = 2

2tan

1 tan

x

x+

16. tan 2x = 
x

x2

2tan

1 – tan
, 2x ≠ nπ + π + π + π + π + 

π

2
 tgk¡ n iw.kk±d gSA

ge tkurs gSa fd

tan (x + y) = 
tan tan

1 tan tan

x y

– x y

+

y osQ LFkku ij x j[kus ij] ge ikrs gSa]  
2

2 tan
tan 2

1 tan

x
x

x
=

−

17. sin 3x = 3 sin x – 4 sin3 x

ge ikrs gSa]
sin 3x = sin (2x + x)

= sin 2x cos x + cos 2x sin x

= 2 sin x cos x cos x + (1 – 2sin2
 x) sin x

= 2 sin x (1 – sin2
 x) + sin x – 2 sin3

 x

= 2 sin x – 2 sin3
 x + sin x – 2 sin3

 x

= 3 sin x – 4 sin3
 x

18. cos 3x = 4 cos3
 x – 3 cos x

ge ikrs gSa]
             cos 3x = cos (2x +x)

= cos 2x  cos x – sin 2x sin x

= (2cos2
 x – 1) cos x – 2sin x cos x sin x

= (2cos2
 x – 1) cos x – 2cos x (1 – cos2

 x)

= 2cos3
 x – cos x – 2cos x + 2 cos3

 x

= 4cos3
 x – 3cos x

19. =
x x

x
x

3

2

3 tan – tan
tan 3

1– 3tan
 3x ≠ nπ + π + π + π + π + 

π

2
 tgk¡ n iw.kk±d gSA

ge ikrs gSa] tan 3x = tan (2x + x)
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=
tan 2 tan

1 tan 2 tan

x x

– x x

+ 2

2

2tan
tan

1 tan

2tan tan
1

1 tan

x
x

– x

x . x
–

– x

+
=

3 3

2 2 2

2tan tan tan 3 tan tan

1 tan 2tan 1 3tan

x x – x x – x

– x – x – x

+
= =

20. (i) cos x + cos y = 
x y x y+ –

2cos cos
2 2

(ii) cos x – cos y = – 
x y x y+ –

2sin sin
2 2

(iii) sin x + sin y = 
x y x y+ –

2sin cos
2 2

(iv) sin x – sin y = 
x y x y+ –

2cos sin
2 2

ge tkurs gSa fd
cos (x + y) = cos x cos y – sin x sin y ... (1)

vkSj cos (x – y) = cos x cos y + sin x sin y ... (2)

(1) vkSj (2) dks tksM+us ,oa ?kVkus ij] ge ikrs gSa]
cos (x + y) + cos(x – y) =  2 cos x cos y ... (3)

vkSj cos (x + y) – cos (x – y) = – 2 sin x sin y ... (4)

vkSj Hkh sin (x + y) = sin x cos y + cos x sin y      ... (5)

vkSj sin (x – y) = sin x cos y – cos x sin y      ... (6)

(5) vkSj (6) dks tksM+us ,oa ?kVkus ij] ge ikrs gSa]
sin (x + y) + sin (x – y) = 2 sin x cos y      ... (7)

sin (x + y) – sin (x – y) = 2cos x sin y      ... (8)

ekuk fd x + y = θ rFkk x – y = φ] blfy,

θ θ

2 2
x y

+φ −φ   = =   
   

rFkk

(3), (4), (7) rFkk (8)  esa x vkSj  y osQ eku j[kus ij] ge ikrs gSa]
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cos θ + cos φ = 2 cos 
θ θ

cos
2 2

+φ −φ   
   
   

cos θ – cos φ = – 2 sin 
θ θ

sin
2

–+ φ φ   
   2   

sin θ + sin φ  = 2 sin  
θ θ

cos
2 2

+φ −φ   
   
   

sin θ – sin φ = 2 cos  
θ θ

sin
2 2

+φ −φ   
   
   

D;ksafd θ rFkk φ dks dksbZ okLrfod la[;k eku ldrs gSaA ge θ osQ LFkku ij x rFkk φ osQ LFkku
ij  y j[kus ij] ge ikrs gSa%

cos x + cos y = 2 cos cos
2 2

x y x y+ −
; cos x – cos y = – 2 sin sin

2 2

x y x y+ −
,

sin x + sin y = 2 sin cos
2 2

x y x y+ −
; sin x – sin y = 2 cos sin

2 2

x y x y+ −

AfVIi.kh   loZlfedk 20 ls ge fuEu ifj.kke ikrs gSa%

21. (i) 2 cos x cos y = cos (x + y) + cos (x – y)

(ii) –2 sin x sin y = cos (x + y) – cos (x – y)

(iii) 2 sin x cos y = sin (x + y) + sin (x – y)

(iv) 2 cos x sin y = sin (x + y) – sin (x – y)

mnkgj.k 10 fl¼ dhft,%

5
3sin sec 4sin cot 1

6 3 6 4

π π π π
− =

gy   ck;k¡ i{k =
5

3sin sec 4sin cot
6 3 6 4

π π π π
−

= 3 × 
1

2
 × 2 – 4 sin 

6

π π− 
 

× 1 = 3 – 4 sin 
6

π

= 3 – 4 × 
1

2
  = 1 = nk;k¡ i{k
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mnkgj.k 11 sin 15° dk eku Kkr dhft,A

gy  sin 15°   = sin (45° – 30°)

= sin 45° cos 30° – cos 45° sin 30°

= 
1 3 1 1 3 1

2 22 2 2 2

−
× − × =

mnkgj.k 12 tan 
13

12

π
 dk eku Kkr dhft,A

gy  tan 
13

12

π
= tan 

12

π π + 
 

 = tan tan
12 4 6

π π π = − 
 

=

tan tan
4 6

1 tan tan
4 6

π π
−

π π
+

= 

1
1

3 13
2 3

1 3 11
3

−
−

= = −
++

mnkgj.k 13 fl¼ dhft,%

sin ( ) tan tan

sin ( ) tan tan

x y x y

x y x y

+ +
=

− − .

gy ge ikrs gSa]

         ck;k¡ i{k 
sin ( ) sin cos cos sin

sin ( ) sin cos cos sin

x y x y x y

x y x y x y

+ +
= =

− −

va'k vkSj gj dks cos x cos y  ls foHkkftr djus ij] ge ikrs gSa]

ck;k¡ i{k = 
sin ( ) tan tan

sin ( ) tan tan

x y x y

x y x y

+ +
=

− − = nk;k¡ i{k

mnkgj.k 14 fn[kkb,
   tan 3 x tan 2 x tan x = tan 3x – tan 2 x – tan x

gy  ge tkurs gSa fd  3x = 2x + x

blfy, tan 3x  = tan (2x + x)

;k
tan 2 tan

tan 3
1– tan 2 tan

x x
x

x x

+
=

Reprint 2026-27



f=kdks.kferh; iQyu     73

;k tan 3x – tan 3x tan 2x tan x = tan 2x + tan x

;k tan 3x – tan 2x – tan x = tan 3x tan 2x tan x

;k tan 3x tan 2x tan x = tan 3x – tan 2x – tan x

mnkgj.k 15 fl¼ dhft,%

cos cos 2 cos
4 4

x x x
π π   + + − =   

   

gy    loZlfedk 20(i) dk mi;ksx djus ij] ge ikrs gSa]

ck;k¡ i{k = cos cos
4 4

x x
π π   + + −   

   

=

( )
4 4 4 42cos cos

2 2

x x x – x
π π π π   + + − + −   

   
      
   

= 2 cos 
4

π
 cos x = 2 × 

1

2
 cos x = 2 cos x = nk;k¡ i{k

mnkgj.k 16 fl¼ dhft,   
cos 7 cos 5

cot
sin 7 – sin 5

x x
x

x x

+
=

gy loZlfedkvksa 20(i) rFkk 20(iv)  dk mi;ksx djus ij] ge ikrs gSa]

ck;k¡ i{k =

7 5 7 5
2cos cos

2 2
7 5 7 5

2cos sin
2 2

x x x x

x x x x

+ −

+ −  = 
cos

sin
cot

x

x
x=  = nk;k¡ i{k

mnkgj.k 17 fl¼ dhft, 
sin5 2sin3 sin

tan
cos5 cos

x x x
x

x x

− +
=

−

gy ge ikrs gSa]

ck;k¡ i{k =
sin5 2sin3 sin

cos5 cos

x x x

x x

− +

−
 

sin5 sin 2sin3

cos5 cos

x x x

x x

+ −
=

−
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=
2sin 3 cos 2 2sin 3

– 2sin 3 sin 2  

x x x

x x

− sin 3 (cos2 1)

sin 3 sin 2  

x x
–

x x

−
=

=

21 cos2 2sin

sin 2 2sin cos

x x

x x x

−
=  =  tan x  =  nk;k¡ i{k

iz'ukoyh 3.3

fl¼ dhft,%

1. sin2 
π

6
+ cos2 

3

π
– tan2 

1
–

4 2

π
= 2.  2sin2

6

π
+ cosec2  

27 3
cos

6 3 2

π π
=

3.
2 25

cot cosec 3tan 6
6 6 6

π π π
+ + = 4. 

2 2 23
2sin 2cos 2sec 10

4 4 3

π π π
+ + =

5. eku Kkr dhft,%
(i) sin 75° (ii) tan 15°

fuEufyf[kr dks fl¼ dhft,%

6. cos cos sin sin sin ( )
4 4 4 4

x y x y x y
π π π π       − − − − − = +       

       

7.

2
π

tan
1 tan4

π 1 tan
tan

4

x
x

x
x

 +   +  =  −   − 
 

8.
2cos ( ) cos ( )

cot

sin ( ) cos
2

x x
x

x x

π + −
=

π π − + 
 

9.
3π 3π

cos cos (2π ) cot cot (2π ) 1
2 2

x x x x
    + + − + + =    

    
10. sin (n + 1)x sin (n + 2)x + cos (n + 1)x cos (n + 2)x = cos x

11.
3 3

cos cos 2 sin
4 4

x x x
π π   + − − = −   

   
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12. sin2 6x – sin2 4x = sin 2x sin 10x 13. cos2 2x – cos2 6x = sin 4x sin 8x

14. sin2 x + 2 sin 4x + sin 6x = 4 cos2 x sin 4x

15. cot 4x (sin 5x + sin 3x) = cot x (sin 5x – sin 3x)

16.
cos cos

sin sin

sin

cos

9 5

17 3

2

10

x x

x x

x

x

−

−
= − 17.

sin sin

cos cos
tan

5 3

5 3
4

x x

x x
x

+

+
=

18.
sin sin

cos cos
tan

x y

x y

x y−

+
=

−

2
19.

sin sin

cos cos
tan

x x

x x
x

+

+
=

3

3
2

20.
sin sin

sin cos
sin

x x

x x
x

−

−
=

3
22 2 21.

cos cos cos

sin sin sin
cot

4 3 2

4 3 2
3

x x x

x x x
x

+ +

+ +
=

22. cot x cot 2x – cot 2x cot 3x – cot 3x cot x = 1

23.
2

2 4

4tan (1 tan )
tan 4

1 6 tan tan

x x
x

x x

−
=

− +
24. cos 4x = 1 – 8sin2 x cos2 x

25. cos 6x = 32 cos6 x – 48cos4 x + 18 cos2 x – 1

fofo/ mnkgj.k

mnkgj.k 18 ;fn  sin x = 
3

5
,  cos y = −

12

13
 gSS] tgk¡ x rFkk  y nksuksa f}rh; prqFkk±'k esa fLFkr gksa

rks sin (x + y) dk eku Kkr dhft,A

gy  ge tkurs gSa fd
sin (x + y) = sin x cos y + cos x sin y        ... (1)

vc cos2 x = 1 – sin2 x = 1 – 
9

25
 = 

16

25

blfy, cos x = ±
4

5

D;ksafd x f}rh; prqFkk±'k esa fLFkr gS] vr% cos x ½.kkRed gSA

vr% cos x = −
4

5

vc sin2y = 1 – cos2y = 1 – 
144

169

25

169
=

vFkkZr~ sin y = ±
5

13
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D;ksafd  y f}rh; prqFkk±'k esa fLFkr gS] sin y /ukRed gSA blfy,  sin y = 
5

13
 gSA  sin x, sin y,

cos x rFkk cos y dk eku lehdj.k (1) esa j[kus ij] ge ikrs gSa]

3 12 4 5
sin ( )

5 13 5 13
x y

   + = × − + − ×   
   

 = 
36 20 56

65 65 65
− − = −

mnkgj.k 19 fl¼ dhft,% 
9 5

cos 2 cos cos 3 cos sin 5 sin
2 2 2

x x x
x x x− =

gy  ge ikrs gSa]

ck;k¡ i{k =
1 9

2cos 2 cos 2cos cos 3
2 2 2

x x
x x

 −  

=
1 9 9

cos 2 cos 2 cos 3 cos 3
2 2 2 2 2

x x x x
x x x x

        + + − − + − −        
        

=
1

2

5

2

3

2

15

2

3

2
cos cos cos cos

x x x x
+ − −





  = 

1

2

5

2

15

2
cos cos

x x
−







=

5 15 5 15

1 2 2 2 22sin sin
2 2 2

x x x x    + −    
−    

    
     

= − −








 =sin sin sin sin5

5

2
5

5

2
x

x
x

x
 = nk;k¡ i{k

mnkgj.k 20 tan 
π

8
 dk eku Kkr dhft,A

gy eku yhft, 
π

8
x =  gks rks 

π
2

4
x =

vc tan
tan

tan
2

2

1
2

x
x

x
=

−

;k 2

π
2tan

π 8tan
π4

1 tan
8

=
−
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eku yhft, y = tan 
π

8
 rks 1 = 2

1

2

y

y

−

;k y2 + 2y – 1 = 0

blfy, y = 
− ±

= − ±
2 2 2

2
1 2

D;ksafd 
π

8
 izFke prqFkk±'k esa fLFkr gS] y = tan 

π

8
 /ukRed gSA vr%

π
tan 2 1

8
= −

mnkgj.k 21 ;fn 
3 3π

tan = , π < <
4 2

x x , rks sin
x

2
, cos

x

2
 rFkk tan

x

2
 osQ eku Kkr dhft,A

gy D;ksafd 
3π

π
2

x< <  gS  blfy, cos x  ½.kkRed gSA

iqu%
π 3π

2 2 4

x
< < .

blfy,  sin 
x

2
 /ukRed gksxk rFkk cos 

x

2
 ½.kkRed gksxkA

vc sec2 x = 1 + tan2 x =  1
9

16

25

16
+ =

blfy, cos2 x = 
16

25
  ;k cos x = 

4

5
–    (D;ksa\)

vc 2
2

2
sin

x
  = 1 –  cos x  = 1

4

5

9

5
+ =

blfy, sin2 
x

2
 = 

9

10

;k sin
x

2
 =  

3

10
(D;ksa\)

iqu% 2cos2 
x

2
 = 1+ cos x = 1

4

5

1

5
− =
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blfy, cos2 
x

2
 = 

1

10
   ;k     cos 

x

2
 = −

1

10
    (D;ksa\)

vr% tan 
x

2
 = 

sin

cos

x

x
2

2

3

10

10

1
= ×

−







 = – 3

mnkgj.k 22 fl¼ dhft,%  cos2 x + cos2 2π π 3
cos

3 3 2
x x

   + + − =   
   

gy  ge ikrs gSa]

ck;k¡ i{k =

2π 2π
1 cos 2 1 cos 2

1 cos 2 3 3

2 2 2

x x
x

   + + + −   +    + +

=
1 2π 2π

3 cos 2 cos 2 cos 2
2 3 3

x x x
    + + + + −    

    

=
1 2π

3 cos 2 2cos 2 cos
2 3

x x
 + +  

=
1 π

3 cos 2 2cos 2 cos π
2 3

x x
  + + −  

  

=
1 π

3 cos 2 2cos 2 cos
2 3

x x
 + −  

= [ ]1 3
3 cos 2 cos 2

2 2
x x+ − =  = nk;k¡ i{k

vè;k; 3 ij fofo/ iz'ukoyh

fl¼ dhft,%

1.
π 9π 3π 5π

2cos cos cos cos 0
13 13 13 13

+ + =

2. (sin 3x + sin x) sin x + (cos 3x – cos x) cos x = 0

3. (cos x + cos y)2 + (sin x – sin y)2 = 4 cos2  
2

x y+
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4. (cos x – cos y)2 + (sin x – sin y)2 = 4 sin2 

2

yx −

5. sin x + sin 3x + sin 5x + sin 7x = 4 cos x cos 2x sin 4x

6. x
xxxx

xxxx
6tan

)3cos9(cos)5cos7(cos

)3sin9(sin)5sin7(sin
=

+++
+++

7. sin 3x + sin 2x – sin x = 4sin x cos 
x

2
 cos 

3

2

x

fuEufyf[kr izR;sd iz'u esa sin 
x

2
, cos 

x

2
 rFkk tan 

x

2
  Kkr dhft,%

8. tan x  =   −
4

3
, x f}rh; prqFkk±'k esa gSA 9. cos x  = −

1

3
, x r`rh; prqFkk±'k esa gSA

10. sin x  = 
4

1
, x f}rh; prqFkk±'k esa gSA

lkjka'k

® ;fn ,d o`Ùk] ftldh f=kT;k r, pki dh yackbZ l rFkk osQanz ij varfjr dks.k θ jsfM;u gSa]
rks l = r θ

® jsfM;u eki = 
π

180
×  fMxzh eki

® fMxzh eki = 
180

π
×  jsfM;u eki

® cos2 x + sin2 x = 1

® 1 + tan2 x = sec2 x

® 1 + cot2 x = cosec2 x

® cos (2nπ + x) = cos x

® sin (2nπ + x) = sin x

® sin (– x) = – sin x

® cos (– x) = cos x

® cos (x + y) = cos x cos y – sin x sin y

® cos (x – y) = cos x cos y + sin x sin y

® cos (
π

2
x− ) = sin x
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® sin (
π

2
x− ) = cos x

® sin (x + y) = sin x cos y + cos x sin y

® sin (x – y) = sin x cos y – cos x sin y

® cos 
π

+
2

x
 
 
 

= – sin x sin 
π

+
2

x
 
 
 

 = cos x

cos (π  – x) = – cos x sin (π  – x) = sin x

cos (π  + x)  = – cos x sin (π  + x) = – sin x

cos (2π  – x) = cos x sin  (2π  – x) = – sin x

® ;fn x, y vkSj (x ±  y) esa ls dksbZ dks.k 
π

2
 dk fo"ke xq.kkad ugha gSa] rks

tan (x + y) = 
tan tan

1 tan tan

x y

x y

+
−

® tan (x – y) = 
tan tan

1 tan tan

x y

x y

−

+

® ;fn x, y vkSj (x ±  y) esa ls dksbZ dks.k π  dk fo"ke xq.kkad ugha gSa] rks

cot (x + y) = 
cot cot 1

cot cot 

x y

y x

−

+

® cot (x – y) = 
xy

yx

cotcot

1cotcot

−
+

® cos 2x = cos2 x – sin2 x = 2cos2 x – 1 = 1 – 2 sin2 x 

2

2

1 tan

1 tan

– x

x
=

+

® sin 2x = 2 sinx  cos x 
2

2 tan

1 tan

x

x
=

+

® tan 2x = 2

2tan

1 tan

x

x−

® sin 3x = 3sinx  – 4sin3 x

® cos 3x = 4cos3 x  – 3cos x

® tan 3x = 

3

2

3tan tan

1 3tan

x x

x

−

−
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® (i) cos x + cos y = 2cos cos
2 2

x y x y+ −

(ii) cos x – cos y = – 2sin sin
2 2

x y x y+ −

(iii) sin x + sin y = 2 sin cos
2 2

x y x y+ −

(iv) sin x – sin y = 2cos sin
2 2

x y x y+ −

® (i) 2cos x cos y = cos (x + y) + cos ( x – y)

(ii) – 2sin x sin y = cos (x + y) – cos (x – y)

(iii) 2sin x cos y = sin (x + y) + sin (x – y)

(iv) 2 cos x sin y = sin (x + y) – sin (x – y)

,sfrgkfld i`"BHkwfe

,slk fo'okl fd;k tkrk gS fd f=kdks.kferh dk vè;;u loZizFke Hkkjr esa vkjaHk gqvk
FkkA vk;ZHkê~V (476 bZ-)] czãxqIr (598 bZ-) HkkLdj izFke (600 bZ-) rFkk HkkLdj f}rh;
(1114 bZ-)us izeq[k ifj.kkeksa dks izkIr fd;k FkkA ;g laiw.kZ Kku Hkkjr ls eè;iwoZ vkSj iqu%
ogk¡ ls ;wjksi x;kA ;wukfu;ksa us Hkh f=kdks.kfefr dk vè;;u vkjaHk fd;k ijarq mudh dk;Z
fof/ bruh vuqi;qDr Fkh] fd Hkkjrh; fof/ osQ Kkr gks tkus ij ;g laiw.kZ fo'o }kjk viukbZ
xbZA

Hkkjr esa vk/qfud f=kdks.kferh; iQyu tSls fdlh dks.k dh T;k (sine) vkSj iQyu
osQ ifjp; dk iwoZ fooj.k fl¼kar (laLo`Qr Hkk"kk esa fy[kk x;k T;ksfr"kh; dk;Z) esa fn;k
x;k gS ftldk ;ksxnku xf.kr osQ bfrgkl esa izeq[k gSA

HkkLdj izFke (600 bZ-) us  90° ls vf/d] dks.kksa osQ sine osQ eku osQ y, lw=k fn;k
FkkA lksygoha 'krkCnh dk ey;kye Hkk"kk esa dk;Z ;qfDr Hkk"kk esa sin (A + B) osQ izlkj dh
,d miifÙk gSA 18°, 36°, 54°, 72°, vkfn osQ sine rFkk cosine osQ fo'kq¼ eku HkkLdj
f}rh; }kjk fn, x, gSaA

sin–1 x, cos–1 x, vkfn dks pki sin x, pki cos x, vkfn osQ LFkku ij iz;ksx djus dk
lq>ko T;ksfr"kfon Sir John F.W. Hersehel (1813 bZ-) }kjk fn, x, FksA Å¡pkbZ vkSj nwjh
lacaf/r iz'uksa osQ lkFk Thales (600 bZ- iwoZ) dk uke vifjgk; :i ls tqM+k gqvk gSA mUgsa
feJ osQ egku fijkfeM dh Å¡pkbZ osQ ekiu dk Js; izkIr gSA blosQ fy, mUgksaus ,d Kkr
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Å¡pkbZ osQ lgk;d naM rFkk fijkfeM dh ijNkb;ksa dks ukidj muosQ vuqikrksa dh rqyuk dk
iz;ksx fd;k FkkA ;s vuqikr gSa

H

S

h

s
=  = tan (lw;Z dk mUurka'k)

Thales dks leqnzh tgk”k dh nwjh dh x.kuk djus dk Hkh Js; fn;k tkrk gSA blosQ fy,
mUgksaus le:i f=kHkqtksa osQ vuqikr dk iz;ksx fd;k FkkA Å¡pkbZ vkSj nwjh lac/h iz'uksa dk gy
le:i f=kHkqtksa dh lgk;rk ls izkphu Hkkjrh; dk;ks± esa feyrs gSaA

— vvvvv —
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